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Abstract. In this paper a detailed proof will be given of the solvability of the halting and reachability
problem for binary 2-tag systems.
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1. Introduction

1.1. Post’s frustrating problem of ‘‘tag”

Tag systems were invented and studied by Emil Leon post [15, 16] during his Procter fellowship in math-
ematics at Princeton during the academic year 1920-21. They played an important role in his work on
normal systems, which he also developed during that time, and led to the reversal of his program to prove
the recursive solvability of the Entscheidungsproblem for first-order predicate calculus. Indeed, after 9
months of intensive research on tag systems, Post first came to the conclusion that proving the decid-
ability of the Entscheidungsproblem might be impossible. He never proved that this decision problem is
recursively unsolvable. This was done by Church and Turing in their seminal papers published in 1936
[1, 19]. However, already in 1921 he did prove that there are unsolvable decision problems for normal
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systems, on the basis of a thesis similar to Church’s and Turing’s, called Post’s thesis [6, 7]. Unfortu-
nately, he never made any attempt to publish these results at that time. Later, in the forties, he provided
a detailed description of his results from the period 1920-1921 in his Absolutely unsolvable problems
and relatively undecidable propositions - Account of an anticipation [16], a posthumously published
manuscript edited by Martin Davis. More detailed information on these more historical matters can be
found in [6, 7, 8, 18].

Definition 1. (v-fag system) A tag system 1" consists of a finite alphabet > of 1 symbols, a deletion
number v € N and a finite set of ;1 words wq, w1, ..., w,—1 € X* called the appendants, where any
appendant w; corresponds to a; € Y. A v-tag system has a deletion number v.

In a computation step of a tag system 7" on a word A € ¥*, T" appends the appendant associated with the
leftmost letter of A at the end of A, and deletes the first v symbols of A.! This computational process is
iterated until the tag system produces the empty word €. Note that tag systems are monogenic and thus
deterministic. Following the notation of [21], A; - A;11 means that A, is produced from A; after one
computation step, A; - A;,, that A;,, is produced after n computation steps from A;.

To give an example, let us consider the one tag system mentioned by Post withv = 3,0 — 00,1 — 1101
[15, 16]. If the initial word Ag = 110111010000 we get the following productions:

-+10111010000
F 4H0100001101
F -6+000011011101
F 8601101110100
F 440111010000

The word Ay is reproduced after 4 computation steps and is thus an example of a periodic word. Post
called the behavior of this one tag system “intractable”. Up to now, it is still not known whether this
particular example is recursively solvable, despite its formal simplicity. Post also mentioned that he
studied the class of tag systems with v = 2, = 3 and described this class as being of “bewildering
complexity” and as “[...] leading to an overwhelming confusion of classes of cases, with the solution of
the corresponding problem depending more and more on problems of ordinary number theory.” [16].
Post identified three classes of ultimate behavior in tag systems that will be used throughout this paper.

Definition 2. (halt) A tag system T is said to halt on an initial word Ay when there is an n € N such
that T" produces the empty word € after n computation steps on Ay, i.e., Ag F" ein T

Definition 3. (periodicity) A tag system T is said to become periodic on an initial word A if there are
n,p € Nsuch that Ag F" A, and A, P A4, = A, inT. A, is said to be a periodic word in T" with
period p.

'Tt should be noted that we follow Post’s original definition of tag systems, instead of the one that is now commonly used. Le.
instead of first deleting the first v letters and then tagging the appendant, an appendant is first tagged and then the first v symbols
are deleted. As a consequence, a tag system will not necessarily halt on a given word when its length has become smaller than
v. The proof of the main Theorem only needs some minor changes to be applicable for this slightly different definition.
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Definition 4. (unbounded growth) A tag system T is said to have unbounded growth on an initial word
Ay, if for every number n € N there is an ¢ € N such that for every number j > ¢, any word A,
Ap H Aj, la; >n.

Post considered two decision problems for tag systems, which we will call the halting problem and the
reachability problem for tag systems.

Definition 5. (halting problem) The halting problem for tag systems is the problem to determine for a
given tag system 7" and any initial word Ag whether or not 7" will halt on Ayp.

Definition 6. (reachability problem) The reachability problem for tag systems is the problem to deter-
mine for a given tag system 7, a fixed initial word Ag and an arbitrary word A € X*, whether or not
there is an n such that Ag ™ Ain T

Note that the halting problem is a special case of the reachability problem.

Post never proved that tag systems are recursively unsolvable. It was Minsky who proved the result in
1961 [13], after the problem was suggested to him by Martin Davis, who was a student of Post. He
showed that any Turing machine can be reduced to a tag system with v = 6. The result was improved by
Cocke and Minsky [2, 3, 14]. They proved that any Turing machine can be reduced to a tag system with
v = 2. Maslov generalized this result and proved that for any v > 1 there exists at least one tag system
with an unsolvable decision problem and furthermore proved that any tag system for which v = 1 has a
solvable reachability problem [12]. This last result was also proven independently by Wang [20].

Both p and v can be regarded as decidability criteria [11] for tag systems, since their solvability depends
on the size of these parameters. Another such criterion is the length of the appendants. Wang proved that
any tag system for which ljin > v or Imax < v has a solvable halting and reachability problem [20].
Post mentions that he proved the solvability of the reachability problem (and thus also of the halting
problem) for the class of 2-tag systems with u = 2, but, regretfully, never published the proof. However,
he does mention that he used the three classes of ultimate behavior in tag systems he had found. Given
any tag system 7" with 4 = v = 2 and any initial word A, Post was able to prove that one can decide
in a finite number of steps whether or not 7" will have unbounded growth on A. Clearly, if one can
determine for any such 7" and any initial word Ay it operates on what its ultimate behavior will be one
immediately gets that the reachability problem for this class of tag systems is decidable. A proof of this
result has recently been found. An outline of this proof can be found in [9]. In this paper we will present
the details of this proof.

1.2. Preliminaries

In the remainder of the paper we will use the notations and definitions given in this paragraph.

Let T" be a v-tag system in the class of tag systems TS(v, u) with a deletion number v, © symbols and
appendants wo, w1, ..., w,—1. Then:

a. [ 4 denotes the length of the word A.

b. @™ means that a is repeated n times.

C. Imax denotes the length of the lengthiest appendant w;, [ min the length of the shortest appendant w;,
0<4,7<p.
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d. #a; denotes the total number of occurrences of the symbol a; in the appendants wy, ...w,—1.

e. An odd number is denoted as &, an even number as % . If a number = can be either even or odd, it is
denoted as .

f. |x/y] is the largest integer < x/y, [z /y] is the smallest integer > z/y, [x/y] denotes either |x/y| or
[z/y]

g. Given some word W € 3 then W™ is W minus its leftmost letter.

h. Given a word A = agay...a;,—1, we will say that A is entered with shift x by 7', when T erases
ag..a,—1 and the first symbol read in A by T is a,.

i. A round of 7" on a word A is a number of [/4/v] computation steps of 7" on A. Note that one round
of T on A is exactly the smallest number of computation steps that result in all the letters of A being
deleted by 7" [20]. For any initial word A, the word produced after j rounds on Ag will be written as Q) ;.
j- An s-round of 7" on a word A = apay...a;,—1 produces the word:

I _
A= waswav+swa2v+s e wau([lA—s/v'\)—3+s

The word A’ is thus the result of one round of T" on asasi1as12...q 1—1 (A entered with shift s) without
its first (14 — s mod v) letters being deleted. Le., the result of concatenating the appendants associated
with every letter read in A when entered with shift s. To explain this with an example, let 7" be the
example provided by Post (Sec. 1.1) and A = 11011101, then the result of one O-round on A is the word
A’ = 1101110100, the result of one 2-round on A the word A’ = 001101. Note that an s-round on A
gives the same result as a round on A if s = 0and /4 = 0 mod v.

k. The additive complement (x mod y) of a given number z relative to a modulus y is defined as follows:

y— (xmody) if z#0mody

x mod y) =
( 2 {0 if x=0mody

2. Solvability of the Halting and Reachability Problem of the Class TS(2,2)

In [16] Post remarks that his proof of the solvability of the reachability problem of the class TS(2, 2)
involved “considerable labor”. This is also true for the proof we have been able to establish, involving
the analysis of a large number of cases. One of the major difficulties is that, contrary to classes of Turing
machines TM(m, n), one not only has to cope with an infinite number of initial words for each tag system
in TS(2,2), but one also has to reduce an infinite number of tag systems to a finite number of cases.

In the current proof Post’s approach for proving the decidability of the class TS(2,2) is applied by making
use of the three classes of ultimate behavior for tag systems he identified (See Sec. 1.1). Le., it is proven
that given an arbitrary tag system 7" € TS(2, 2) and any initial word Ay € {0, 1}*, one can decide in a
finite number of steps whether or not 7" will halt, become periodic or have unbounded growth and we
can thus prove the following Theorem:

Theorem 1. For any given tag system 7', if ;1 = v = 2 then the reachability problem for 7" is solvable.

Since the halting problem is a special case of the reachability problem, we get the following immediate
corollary from Theorem 1:

Corollary 1. For any given tag system 7, if 4 = v = 2 then the halting problem for 7T’ is solvable.
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In the remainder of this section we will first explain the main method of the proof (Sec. 2.1) and provide
an overview of the general structure of the proof and an explanation of how each of the subcases are de-
termined. This provides an understanding of some of the fundamental differences between the subcases
that need to be addressed in order to prove Theorem 1 (Sec. 2.2). We will then turn to the details of the
actual proof (Sec. 2.3).

2.1. The table method

The basic technique of the proof is called the fable method [9]. Intuitively speaking, given a v-tag system
T with alphabet ¥ and the appendants wo, ..., w,—1 this method is used to study all the possible words
A that can be contained in any word (); produced afer j rounds on some initial word Ag. Le., if A is
produced by the table method, it is possible for 7', when started with the proper initial word, to produce
a word of the form X AY, with X, Y € ¥*.

The table method is an iterative method. During the n-th iteration step of the table method, first v
different words S, jy+s, s € {0, ...,v — 1} are produced from each word S, ; 0 < j < p,,—; produced
in the previous iteration step n — 1 of the table method. If n —1 = 0 then the words Sp o, So,1, ---, S0,po—1
are some fixed set of initial words € ¥*, usually the appendants.

Every one of the v words S, j,4s produced from S,,_; ; is the word that results after one s-round of T’
on S;,_1, ;. For each of the vp,,—1 words thus produced, if Sy, j,+s is equal to € or to one of the S,y <
Jv + s,z < nitis marked. If all the Sy, j, 45 are marked the method halts. If not, then all S, j, 5 that
have been marked are removed, the p,, remaining words are renumbered as S,, 0., Sn,1, 2, - .-
and the next iteration can be started.

The method is called the table method because the results from the method can often best be represented
through tables. To explain the table method and its representation we will apply it to the example of the
3-tag system mentioned in Sec. 1.1 with wy = 00,w; = 1101, setting Soo = wo, So,1 = wi. The
following Table shows the first 3 steps of the table method:

) Sn,pn—l

hgkjhgkgku
b1,3
jhgkjhg | j;jkh | kjhkjh | jhkjh
jhgkjhg | j;jkh | kjhkjh | jhkjh
jhgkjhg | j;jkh | kjhkjh | jhkjh
wo w1 wi1wi1 wi1wi1wo wi1wi1w1 wow1
So ’LUO\/ wilw1 wW1wWw1Wo W1W1WoWo W1wW1Wow1 w0w1/
Sl ’wo\/ U}1\/ wilwilw wlwlwl\/ W1W1W1WQ wowo
So eV wov’ WoW1 WoW1Wo WoW1 W1 W1 wiw1v
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The table is read as follows. Each pair of iterative steps of the table method is separated in the table
by a double vertical line. The row headed with S, gives the word produced at iteration step n after one
x-round on the word S,,_1 , at the top cell of a column. Le., the word produced at step n from a given
word S,,_1,, where the first symbol read in S,_1 4 is the x + 1th symbol from the left (i.e. the leftmost
x symbols in S;,_1 , are deleted without being read).

Columns 2 and 3 give the result for step 1. Since there is only one word left unmarked at step 1, i.e.,
wywi, we need only one column, column 4, for step 2. For step 2 all vp; = v words produced are left
unmarked. As a result we need 3 columns for step 3. Now, out of the vps = 9 words produced, six
are left unmarked. This table allows us to study this example in more detail and it seems that, for this
specific example, there will always be words left unmarked.

So why is this method such a useful tool? If we apply the table method to the set of appendants
wp, W1, ..., w,—1 of some tag system T (setting each of the Sp; = wj;) this method implies that, if it
halts at a given iteration step n, then 7" has a decidable reachability problem. This follows from Lemma
1:

Lemma 1. For any tag system " with deletion number v, alphabet X and appendants wg, w1, ..., w,—1, if
the table method halts after a finite number of steps n when applied to 7" with each Sp ; = w;,0 < i <
then 7" will always halt or become periodic on any initial word Ay € X*.

Proof:

Let T" be a v-tag system with alphabet > and corresponding appendants wy, w1, ..., w,—1 for which the
table method halts after a finite number of steps n when applied to T', with each Sp ; = w;,0 <4 < pand
let the union of the appendants and the set of all the different words .S; ; that have been produced by the
table method after m steps with 0 < ¢ < m,0 < j < p;, including €, be denoted as S,,,. It immediately
follows that if the table method halts after n iteration steps, S,, is the finite set of all the possible words
that can be produced from the appendants of 7" by the table method.

Given an initial word Ay € ¥, then, after one round of 7" on Ay T produces the word:

Q1 = X050,i150,i5-+50,i1, 11

with X one of the appendants w; without its first ({4, mod v) letters, each Sp ;,, € So = {wo, w1, ..., w,—1}.
After one more round of 7" on ()1 T" produces the word:

Q2 = X151,z'151,z'2---Sl,z‘“AOM_l

with each Sy ;,, € S; and X is one of the S; ; € S; minus its first ({g, mod v) letters. Note that the
total number of words S ;,, in Q)2 is equal to [l4,/v] — 1. The reason for this is that each Sp ;,, in Q1
produces exactly one word S ;,,, in (2, i.e., the word that is produced after one s-round on Sy ;,, where
s is determined by the additive complement of the length of the subword preceding So ;,,, in Q1.
Generally speaking, it easily follows from the table method that after p+ 1 rounds of 7" on Ay T produces
the word:

Qp+1 = Xp5p7i15p,i2~--Sp,inA0/vp1

with each Sy ;. € S, and X, is one of the words S; ; € S, minus its first (I, mod v) letters. Note that
the total number of words S, ;,, in ()1 has remained constant.
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Now let us assume that p = n. Since we assumed that the table method halts after n steps it follows for
any word:

Qpkt1 = XpthSpthyin Spthiia--Spthif, -1

produced after p + k + 1 rounds of T" on Ao, with & > 0 that each Sy ;,, in Qp4x+1 must be one of the
words S; j € S, since S, = Sp4. Similarly, X, in Q,1%+1, must be one of the S; ; € S, minus its
first (Ig,,, mod v) letters. It now easily follows that 7" must either halt or become periodic on Ag. This
is the case because the length of any one of the subwords S,,1 ;,, and the subword X, in any word
Qp+k+1 produced after p + k + 1 rounds of 7" on Ay, k € N is bounded by the length of the lengthiest
word in S,,. Since the length of the possible productions from Ay is thus bounded, 7" must either halt or
become periodic on Ay. O

The proof of Lemma 1 reveals a clear connection between the actual productions of a tag system 7" and
the productions of the table method. We also have the following immediate corollary from this proof:

Corollary 1. Given v-tag system 1" with ;1 symbols, appendants wy, ..., w,—1, Ap € ¥* and S;,7 € N
the union of the appendants and all the different words that have been produced after ¢ iteration steps of
the table method applied to the appendants wy, ..., w, 1, then for any word (), j > 7 + 1 produced after
j rounds on Ay:

Qj = X;Vj

where X is either one of the words in S; minus its first (Ig,_, mod v) letters or € and V; € {S;}*

The table method is not only useful if it halts when applied to a given tag system. It can also be used to
prove that a tag system will either halt or have unbounded growth, resulting in a non-terminating table.
This kind of proof is possible because the method also reveals the “structure” of the possible productions
of a given tag system. In general, it should be noted that, although this method is very simple, it is an
important instrument to study tag systems.

On the basis of the table method we can now introduce the following definition:

Definition 7. (s-round) We will say that a given tag system 71" produces a word A, after n s-rounds of
T on W, if A,, is one of the words produced at step n of the table method, with pg = 1, Sg o = W.

2.2. General structure of the proof

In order to prove Theorem 1 only those tag systems with I, < 2 and lmax > 2 need to be taken
into account. This follows from Wang’s decidability criterion which proves that any tag system 1" with
Imin = v or Imax < v has a decidable reachability problem. In the remainder, we assume that /;,ax =
lw, s lmin = lw,. The symmetrical case is equivalent to this case.

It now follows from Wang’s decidability criterion and the fact that ;4 = 2, that we only need to prove
Theorem 1 for the following words wp:

Iw():E
II wp=1

III wp =0
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These values for wy determine the three global cases of the proof. Each of these three cases will be split
into several subcases. These are determined by four different parameters: #1, the parity? of l,,,, [, and
the parities of the number of 0 symbols separating consecutive 1 symbols in wj.

2.2.1. Parameter 1: #1

The total number #1 of 1 symbols in the appendants of a given tag system 7 is the parameter used for
determining the main subcases for each of the three global cases. For each of these three global cases I,
II and III treshold values ny, nyy and nyyy for #1 are determined. It is these treshold values that allow
us to reduce the infinite number of subcases for each of the main cases to a finite number. It will be
proven that the infinite number of tag systems covered by the three main cases for which #1 > ny (for
Case I), #1 > nyg (for Case IT) and #1 > nyy1 (for Case IIT) always have unbounded growth (except,
possibly, for a determined set of initial words), while the finite number of tag systems determined by the
three gobal cases for which #1 < nj (for Case I), #1 < ny1 (for Case II) and #1 < nyyr (for Case III)
always halt or become periodic (except, possibly, for a determined class of initial words).

The parameter #1 is varied going from O up to its treshold value. Capital letters A, B, C,... will be used
to enumerate these subcases.

One of the main reasons for the significance of #1 is that for any tag system 7' the symbol 1 corre-
sponds with w1, the longest appendant and the only possibility for increasing the length of a given word.
Furthermore, #1 also has an impact on the length of w;.

2.2.2. Parameter 2: The parity of [,,,

The parity of [,,, plays a major role in Case I and is used as a parameter to further split-up each of
the main subcases of Case I determined by #1. The parameter is, however, not used in the further
factorization of the subcases for cases II and III.

The reason that [,,, only plays a significant role for Case I is the fact that wg = €. This means that any
word @); produced after j rounds on some initial word is always either equal to w7 or wj w} withn € N.
Le., every word (), is a word consisting entirely of words w1.

2.2.3. Parameter 3: [,

The next parameter [,,,, is only significant with respect to Case II where it is used as a parameter to further
split-up the subcases determined by #1. For tag systems 7' with wy = 1 (Case II), the “second-order
effect” of reading a 0 can be an increase in the length of a word. Indeed, since for any such 7" a 0 symbol
produces a 1 symbol and a 1 symbol produces w; the effect of reading a 0 symbol can indirectly result
in an increase of the length of a given word. As a consequence, we not only need to determine a treshold
value with respect to #1 but also with respect to /,,, for Case II. This is not necessary for cases I and
III. For Case I, the effect of reading a 0 is the production of € so it always results in a decrease of the
length of a given word. For Case III, the effect of reading a 0 in a given word (); is also a decrease of
the length of (); since two letters are deleted and only one, i.e., 0, is appended.

The parity of a number z is the property of it being even or odd.
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2.2.4. Parameter 4: The parity of the number of 0 symbols separating consecutive 1 symbols in
wi

The parity of the number of 0 symbols separating consecutive 1 symbols in w; plays a significant role
in each of the three global cases I, II and IIIL. It is the parameter used to further split-up the subcases
already determined by the other parameters that are relevant for a given case. (For Case I this is the first
and the second parameter, for Case II the first and the third, and for Case III only the first).

The significance of the parity of the number of 0 symbols separating consecutive 1 symbols in w; has to
do with the fact that, since we are dealing with 2-tag systems, an even number of O symbols separating
two 1 symbols implies that always one of the two will be read by the tag system, while an odd number
implies that either both 1 symbols or none of the two 1 symbols will be read in w; . Clearly, this parameter
can only start to play a role if the number of 1 symbols in w; > 2.

We will now turn to the details of the proof of Theorem 1.

2.3. Proof of Theorem 1

Casel. wg = ¢.

As explained in Sec. 2.2, the parameters used to prove this case are #1, the parity of /,,, and the different
parities of the number of 0 symbols between consecutive 1 symbols in w;. The parity of [,,, only starts
to play a role when #1 > 0 (starting from Case I.B). The parities of the number of 0 symbols between
consecutive 1 symbols in wy is only relevant once #1 > 2 (starting from Case 1.C).

Case LA. #1 = 0 (wg = ¢).

If #1 = 0 and wy = € then w; = 0'»1. This immediately implies that any tag system 7" from this class
must always halt, irrespective of the length of w;. The reason for this is that whatever the initial word Ag
the word Q1 produced after one round of 7" on A consists entirely of 0 symbols. We then immediately
have that the word Q2 produced after one more round on () is equal to € since wg = €.

Case LB. #1 =1 (wg = ¢).
We split this case into two subcases determined by the parity of [,,,, .

Case LB.1. [,,, =0 mod 2 (#1 = 1,wg =€)

Since #1 = 1 and l,,, = 0 mod 2, either w; = 0™ 10%1 or wy = 0" 101, Table 2 proves that the table
method halts for any tag system 7" from this class with w; = 07110%.

Table 2: wy = 071104

wo w1

So € €
S1 € wiv

Since the table method halts, 7" will always halt or become periodic on any initial word Ag. The case
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with w; = 07110" is symmetrical to this case.
Case I.B.2. [,,, = 1 mod 2 (#1 = 1,wg = ¢).

Since #1 = 1 and [;, = 1 mod 2, either wy = 0"110% or wyp = 07110, Table 3 proves the case for
wy = 07104,

Table 3: w; = 01104

wo w1
So | € ev’
Sl € w1 v

The table method halts at step 1, all words produced from wg and w; being marked. It thus follows that
any tag system 7" from this class with w; = 0"110% will always either halt or become periodic on some
initial word Ag. )

The case with wy = 07110%* is symmetrical to this case.

Case I.C. #1 = 2 (wg = ¢).

We split the case into two subcases determined by the parity of /,,,. Note that from now on, #1 > 1.
Since wg = ¢, this means that parameter 4 from Sec. 2.2, the parity of the number of 0 symbols separat-
ing consecutive 1 symbols in w1, starts to play its role.

Case I.C.1. [,, =0 mod 2 (#1 = 2,wp = ¢€).

We split the case into two subcases determined by the parity of the number of 0 symbols between the
two 1 symbols in w;. Le., a case with w; = 0711071104 (or, equivalently, w; = (I 10“‘110“) and one
with wy = 011071105 (or, equivalently, wy = 07110%110).

Case LC.La. w; = 0"110%110"" or wy = 0110110 (#1 = 2,1,,, = 0 mod 2, wy = e).
Let wy = 0"110%110" . The case is proven by Table 4.

Table 4: wy = 0711091104

wo w1
So € w1 v
Sl € w1 \/

Since the table method always halts for this case, it follows that any tag system 7' from this class will
always either halt or become periodic.The case with w; = 07110%110" reduces to this case, since the
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table method results in the same productions.

Case LC.1b. w; = 01107110 or wy = 07110"110" (#1 = 2,1,,, = 0 mod 2, wy = e).
Let wy = 0711071101, Table 5 proves this case.

Table 5: wy = 07110%110%

wo w1 w1wW1 (wlwl)”
So | € € € €
St | € Wy w1 W W1 W1 W1 (wywy )"

It easily follows from Table 5 that any tag system 7" from this case will either halt or have unbounded
growth. So, given some initial word Ag, which of the two kinds of behavior will the tag systems have?
Let éo = ¢, él = w%. Clearly, if @, the word produced after j rounds on Ay, is a word of the form
wy, then Q11 = ég = € because [, is even. Similarly, if (); is a word of the form wj w] then
Qjr1 = éf é? = w, w%”. From this it immediately follows that if [ 4, is even that 7" will halt after at
most two rounds on Ag. If [4, is odd then ()1 = w; wY and thus it easily follows that 7" has unbounded
growth on Ayp. .

The case with w; = 0711071 10" is symmetrical to this case.

Case .C.2. [,,, =1 mod 2 (#1 = 2,wy = ¢€).

We need to split the case into two subcases determined by the parity of the number of 0 symbols sep-
arating the two consecutive 1 symbols in wy. Le., a case with wy = 0711071 10% (or, equivalently,
wy = 0"10%110%) and a case with w; = 071107110 (or equivalently w; = 0"110%110%).

Case L.C.2.a. wy = 0"110%110% or wy = 01109110 (#1 = 2,1y, = 1 mod 2, wy = €).

Let wy = 0710% 101, Table 6 proves that the table method always halts if w; = 0711071 10 and thus
that for this case 7" will always halt or become perodic.

Table 6: wy = 0711071104

wo w1
So € w1 v
Sl € w1\/

The case with w; = 07110 10" reduces to this case since the tables resulting from the table method
are, for both cases, identical.



12 L. De Mol/Solvability of the halting and reachability problem for binary 2-tag systems

Case LC.2.b. w; = 071107110 or wy = 071107110 (#1 = 2,1,,, = 1 mod 2,wp = €).
Let wy = 0"110%110% . Table 7 proves that the table method always halts if w; = 071107110 and thus
that for this case 7" will always halt or become perodic.

Table 7: wy = 07110%110%

wo w1 wilw
S() € w1w1 w1w1/
51 € ev w1w1/

The case with w; = 0" 10% 1011 is symmetrical to this case. The only difference is that the results from
Table 7 for shifts Sy and S need to be switched.

Case LD #1 > 3 (wp = €).
This case needs to be split in two subcases determined by the parity of /,,,, .

Case LD.1 [, = 0 mod 2 (#1 > 3, wy = €).

We split the case into two subcases determined by the parity of the number of 0 symbols between con-
secutive 1 symbols in wy, i.e., a case with w; = 0™ 10%110%210%3...0%7#1-110%, with any &;, 0 < i < #1
odd and a case with wy = 07110%110%210%3...0%#1-110", with at least one x;, 0 < i < #1 that is even.

Case LD.1.a w; = 0710%110%210%3...0%#1-110"1, at least one x; even (wg = €,#1 > 3, ly, =
0 mod 2).

Note that for any tag system 7' from this class either at least two 1 symbols or at least one 1 symbol is
read after one s-round on w; since w; contains at least two consecutive 1 symbols that are separated by
an even number of 0 symbols.

The ultimate behaviour of any tag system 7" from this class can be easily determined. Given w; one first
needs to determine how many 1 symbols will be read by 7" in w; when entered with shift Sy and 5}
respectively. Let by be the number of 1 symbols read when w; is entered with shift Sy and b the number
of 1 symbols read when w; is entered with shift S7 and let By be the word produced after one O-round
on w; and B; the word produced after one 1-round on w;. Then, since /,,, = 0 mod 2, and wg = ¢, for
any word (); produced after j > 1 rounds on some initial word Ay we have that Q; = By’ = (wl)mbo
and Q11 = B (if 14, is even) or By BY* = (w?)~w™" and Q1 = (BY)~B™" (if 14, is odd).
This is the reason why the ultimate behavior of some of the tag system 7' covered by this case depends
on the parity of [ 4,. There are two possibilities:

1. bg > 2, by = 1 (or vice versa). If at least one 1 is read in the initial word, 1" will either have
unbounded growth or become periodic depending on the parity of the initial word. Else 7" will
halt.

2. by > 2, by > 2 (or vice versa). T will always have unbounded growth, whatever the parity of the
initial word if at least one 1 is read in the initial word. Else 7" will halt.
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Case L.D.1.b w; = 071107110%210%5...0%#1-110%, with any i, 0 < i < #1, odd (#1 > 3,1y, =
0 mod 2, wp = €)

Note that since all 1 symbols in w; are separated by an odd number of O symbols it immediately follows
that after one s-round on w; 7" produces either € or wfﬂ. From this it immediately follows that T either
halts or has unbounded growth on any word Ay depending on the parity of Ay (see Case I.C.1.b. for
more details).

Case LD.2. #1 > 3,1, = 1 mod 2 (wg = €).

The case is split into two subcases determined by the parity of the number of 0 symbols between consec-
utive 1 symbols in w1, i.e., a case with w; = 0™ 107110%210%3...0%#1-110%, with every ;, 0 < ¢ < #1
odd and a case with wy = 07110%110%210%3...0%#1-110" for which there is at least one z;, 0 < i < #1,
that is even.

Case I.D.2.a w; = 07110%110%210%3...0%#1-110", at least one x; even (wo = €, #1 > 3,1y, =
1 mod 2)

Note that any tag system 7" from this class will either read at least two 1 symbols or one 1 symbol in
w1, depending on the shift with which w; is entered. This immediately implies that 7" can never halt if
at least one 1 is read in the initial word because the number of w; words either increases or stays the
same following each round. Now, since I, is odd, it follows that after one s-round on w?, T produces
w},n > 3. The result of unbounded growth thus immediately follows if the word (); produced after one
round on Ay is either wi,n > 2 or w; wi,n > 1. This is always the case if at least two 1 symbols are
read in Ag. Otherwise, if )1 = wy or )1 = w; (only one 1 symbol is read in Ap) then it can be easily
checked that 3 = wi*,m > 2 or Q3 = w; wi",m > 1 and thus we again have unbounded growth.
This means that 7" will always have unbounded growth on any word Ay if T reads at least one 1 symbol
in Ao.

Case L.D.2.b w; = 0711071107210%5...0%#1-110% (#1 > 3,1y, = 1 mod 2, wy = €).

Note that since all 1 symbols in w; are separated by an odd number of 0 symbols we always have that
T produces either wfﬂ or € after one s-round on wj. Since [, is odd every second word w is entered
with a different shift, and this implies that every pair of words w; results in the production of w#l. Since
#1 > 3 it follows easily that any tag system 7" from this class will always have unbounded growth on
any initial word Ay if the word Q1 = wT*,m > 2 or Q1 = w; wi*,m > 1. Itis also easily checked that
T will have unbounded growth on Ag if Q1 = w; or @1 = w; and Q2 = wfﬂ or Qs = wl_wfﬂ_l. I
all other cases, T halts on Ay.

n

Case II. wg = 1.

As explained in Sec. 2.2, unlike cases I and III, [,,, is a parameter that needs to be reckoned with for
this case. Also #1 and the different parities of the number of 0 symbols between consecutive 1 symbols
in w; are used in the proof of this case.

Each subcase defined by #1, will be factorized according to increasing values for /,,, up until a certain
treshold value. Since wy = 1, the parities of the number of 0 symbols between consecutive 1 symbols in
w; only start to play a role once #1 > 2 (starting from Case I1.C).

Note that the smallest value for [,,, is always equal to 3 for each subcase defined by #1. The reason for
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this is that we only need to take into account those cases with [,,, > 3 because of Wang’s decidability
criterion which states that any tag systems with [;,ax < v has a decidable reachability problem.

It is trivial to prove that any tag system with wg = 1 (Case II) always halts on Ay = 0. In what follows
we will thus only consider initial words Ay # 0.

The following Lemma is an important tool for the proofs of cases II.A.3 and II.B.2-6. The reason for
this is that for each of these cases it can be easily proven that any word (); produced after j rounds on
the initial word Ay is composed of subwords from a given set such that for any such subword 7" always
produces a word from that same set in ()j41.

Lemma 2. Given a v-tag system 7' with alphabet ¥ and corresponding appendants wq, w1, ..., w1,
some initial word Ag € ¥* and W = {W1, Wj..., W,,,} some set of words € X*. If one can prove that
there is an n € N and a set W C W such that for any word:

Q] = XJ‘G Xj € {67 W1_7W2_7"‘7W7;}7‘G e Wr

that contains at least p words from the set W’ the following holds (a) there is always at least one subword
in (); from the set W from which T" produces W;W;/ in Q;,, with W;, Wy € W (b) for any word
Wi € W, W;W;» # Wy, (c) for every other subword in ); from the set W 7" produces at least one
word from that same set in @4, and (d) there are at least p words from the set W’ in @4, then T" has
unbounded growth on any word Aq from which 7" produces a word @); after j rounds.

Proof:
The proof is trivial U

Case ILA. #1 =1 (wp = 1).
The case is split into 4 cases, according to the value of /,,, . Remember that the smallest value for ,,, = 3
because of Wang’s decidability criterion.

CaseILL.A.1. [,,, =3 (wg =1, #1 =1).

Note that since l,,, = 3, #1 = 1 and wg = 1, w; = 000.
The result is proven through Table 8:

Table 8: Case w; = 000

wo w1 WowWo

So | wiv | wowp || wrv
51 ev’ w()\/ wl\/

Since the table method halts, this tag system will always either halt or become periodic on any initial
word Ap.
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Case ILA.2. [, =4 (wp =1, #1 =1).
Since I, = 4,#1 = 1 and wy = 1, w; = 0000. Table 9 proves that the table method always halts for T’
and thus that 7" will always either halt or become periodic on any initial word Ag.

Table 9: {,,, = 0000

Wo w1 WoWo

S() w1 Wowo ’LU1\/
Sl ev’ WowWo w1/

CaseILLA3. [, =5 (wp =1, #1 =1).

If iy, =5, #1 = 1, w; = 00000. This tag system always has unbounded growth except for a finite set
of initial words on which T’ either halts or becomes periodic. This can be proven by applying Lemma 2.
First of all, note that after one s-round on w; T either produces w3 or wZ. From w32 T again produces
wy, from wg T produces either w% or again w;. It is the possibility of producing w% from w; after two
s-rounds on w; that allows for unbounded growth in this tag system.

It follows from Corollary 1 that for any word @)}, 7 > 2 we have that:
Qj = X;V; Xj € {e,wo,wy },Vj € {wf, wi, wi }*

Note that V; cannot contain a word wy that is neither preceded nor followed by a word wy. The reason
for this is that wg can only be produced from w, but then wy must be either preceded or followed by at
least one word wy.

It now easily follows that after one round of 7" on ) ; every subword in () ; from the set {wg, w; , wi, w% , wg’}
will again result in at least one subword from that same set in );1. Furthermore, if ); contains ei-
ther w? or w; wy then we can prove that also the other conditions of Lemma 2 are met. lLe., for any
such word @; it can be proven that there is at least one subword in Q); from the set {w] , wi, w%, wg}
that results in the production of a new word that consists of at least two words from that same set in
Qj+i,1 € {2,4,6} and differs from any word in that set (conditions a and b), any other subword in Q;
from the set {wo, wy , w1, w%, wg} again results in at least one word from that same set in );; (condi-
tion c), (Q+; again contains either w% or w; wi (condition d).

It can be easily checked that if 7" produces the word (Q; after one round on A( with ()1 one of the fol-
lowing words wow1 W, wiwoW, wiwi W, or wowowoW, W € {wp, w1 }* then it takes at most four more
rounds to produce a word that contains w? or w; wy. The only initial words that do not result in such
words 01 are: (0), 1, 00, 01, 10, 11, 000, 010, 001, 011, 0000, 0100, 0001, 0101, 00000, 01010, 00010
or 01000. T" always becomes periodic on any of these words.

We will now prove that Lemma 2 is indeed applicable for words (); that contain w? or w; wy at least
once. Let @; be such a word. Clearly, from w? or wy wy in Q; T produces w§ or wg in Q;+1 and thus
either again w? or w3 in Q;1o. If w$ is produced in Q2 from w? in Q; then all conditions of lemma 2
are met. Indeed, from w? or wy wy in (; anew word is produced in ()42 that is a combination of two
words from the set {w; , w1, w%, wg’} and different from any of the words from that set (conditions a and
b), every other subword in Q; from the set {w; , w1, w, w3} must result in at least one subword from
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that same set (condition ¢) and ()12 again contains w% (condition d).

If w? reproduces itself in Q j+2 then this means that wg in )j4+1 produced from w? in Q; is entered with
shift 1. We then have that Qj_|_1 = wéWjH or Qj—i—l = Xj-‘rl Wj+1’1w8Wj+1,2, Wj+1, Wj+171, Wj_A'_LQ S
{wd, w3, w1 }*. Note that in this last case [ Xj411W,41, 18 0dd since else w§ in Q41 would be entered with
shift 0, thus resulting in the production of w?$ instead of w? in Q2.

The following list gives all the possible words () ; that contain w? or w; w1 at least once and from which
T produces the word Q41 = wéVVjH. It proves that all conditions of Lemma 2 are met. L.e. there
isan ¢ (i € {2,4,6}) such that a subword is produced in @;; that is the concatenation of at least two
words from the set {wp, wy , wi, w%, wg} and is different from any word from that set (conditions a and
b) and ();+; again contains w% or w; w; at least once (condition d). Note that in order to produce a word

Qj+1 = wiWit1, lg,; must be odd.

(1) Qj =wiwW; Qj+1 = wiwiWii Qjtr2 = XjrounwiWito, Xjio € {wy,wi}
(2) Q5 =wiwdW; Qjr1 = wgwiWiyr  Qjr2 = XjpowiwgWiia, Xjio € {w, w1}
(3) Q5 = wiwiW; Qj+1 = wowi W Qj+2 = (2),(9), (11), (12) or (13)

(4)  Qj=wyw Qja = wy Wi

(5) @ =wjwiwy lg; =0 mod v Qjt2 = w] wWIWF

6) Qi=wywiwilW; Qi1 =wiwiWis1  Qjr2 = XjowiwiWiie, Xjio € {wy w1}
(1) Q= wiwiwrwigW; Qjs1 = wiwgwiWist Qjy2 = Xjp2wrw1wgWipa, Xjyo € {wy,wi}
®) @ =wiwwiwiW; Qjy1 = wowiwiWjt1 Qjr2 = (1) or (7)

9) Qj =w;wiw; lg; =0 mod v Qj+2 = wiwd

(10) Qj = wywiwg Qjr1 = wywi Qjv2 = (9)

(11) Q; = wywiuwg Qj1 = wywi Qj+2 = wiwg = (2)

(12) Qj=wywiwgW;  Qjp1 = wowiWjs1  Qji2 = XjrowiwgWia, Xji2 € {wy,wi}
(13) Qj =wywiwgw1W; Qi1 = wywiwiWis1 Qji2 = XjrawiwiwiWiye, Xjpo € {wy, w1}

Note that in each equation above W11 and W o respectively contain at least the same number of words
from the set {wq, wy , w1, wd, w3} as W and W 1.

The same result can be proven for words Q11 = Xj+1Wj+1,1w8Wj+172 by using the same method.
The proof is left to the reader.

CaseILLA4. [,,, > 5 (wg =1, #1 =1).
Note that with [,,, > 5, #1 =1, w; = 050#9-6_ Table 10 proves the case for l,,, = 6:

Table 10: wy = 0°

wo | wi w w? | w§ || w? v || w? wgh
3n/2
So | wr | wd || wi wd | wd || wd wgh wl( n/2]

3n/2|

Sl ev | wd | oy || w§ | w | w) || .. | wd" wlL
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It immediately follows from Table 10 that 7" will always have unbounded growth on any initial word
Ag # 0 that results in the production of a word that contains w? (or w; w1) at least once. It can be easily
checked that this is the case for any word Ay # 0 (Note that for every word Q1 produced after one round
on Ay #0,Q1 =1W,Q1 = wiWor Q1 =w; W,W € {wo, w1 }).

It immediately follows from the generalization of Table 10 that any tag system 7" with [,,, > 6 will
always have unbounded growth on any initial word Ay # 0.

Case ILB. #1 = 2 (wg = 1).

We split the case into 6 main cases according to the value of [, i.e., ly, = 3,0y, = 4,1, = 5,lw, =
6,ly, = 7,1y, > 7. We do not consider cases with [,,, < 3 since it follows from Wang’s decidability
criterion that for any tag systems 7', if l;nax < v then 7" has a decidable reachability problem.

It follows from Corollary 1 that for each of the tag systems covered by this case, any word Q;,j > 2

produced after j rounds on Ag:
(A) Qj = Xjo,Xj € {€,B'l_,w1_,/1'1_},Wj € {gl,wl,ﬁl}*

Case ILB.1. [, =3 (wo =1, #1 =2)

It can be determined for any tag system from this class that it will either halt or become periodic. There
are three different tag systems covered by this case, i.e., either w; = 100, w; = 010 or w; = 001. In the
following tables it is shown that the table method halts for all three tag systems, and it thus follows that
all three tag systems will always halt or become periodic on any initial word.

Table 11: Case wg = 1, w; = 100

Wo w1 w1wWo Wow1

S() w1 wi1wWo wle\/ w1w0/

51 eV’ ’LUO\/ Wow1 w1w0/

Table 12: Case wg = 1, w; = 010

wo w1 WoWo

So w1 Wowo w1/
Sl ev’ wl\/ wl/

Table 13: Case wg = 1, w; = 001

wo w1 Wow1 wW1Wo

So w1q wow1 wWi1wWo Wow1 v

Sl eV ’UJO\/ w0w1/ w0w1/
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Case ILB.2. [,,, =4 (wyg =1, #1 =2).

There are exactly 4 tag systems 77-1} covered by this case, i.e., 71 with wy 1 = 1000, T3 with w9 =
0100, T3 with wy 3 = 0010 and T} with wy 4 = 0001. For each of these T}, T; either produces El =11
or ffm = 1L’"1/2Jw1 1141/2] after one s-round on w1 ;.

Let Ag be some initial word. It can be proven that if T; does not result in the production of a word @);

that contains at least one word szu or fffz after at most 4 rounds on Ay then T is periodic on Ag. After
two rounds on A, T produces (Corollary 1):

Q2 = XoVo Xs € {e, éf,wii,jii}, Vo € {éhwl,i,/fl,z‘}*

If Q2 does not contain any word ffu or /_fl_l then the parity of /g, is determined by X since lwu and
l§1 are even. Le., [, is even if X5 = ¢, orelse, g, is odd. After one more round on (2, T" produces:

Qs = X3Vs X3 € {e, By, wy,;, A}, Vo € { By, wy i, Ay}

If Q3 does not contain the words ffl,i or /TIZ then the parity of /g, is determined by X5 in )2 since [y,
and ly; are even and X3 = € when [, is even and X3 is odd when [, is odd. It now follows that if ()2
and ()3 do not contain any word ffu or ff{l then Q4 = (2. In order to see this note that every word
w1,; and El in Q2 is entered with the same shift s (0, when X5 = ¢, 1 otherwise) resulting in §1 and
w1,; in Q3 respectively. We also have that each word El and wy ; in ()3 will be entered with the same
shift s resulting in w1 ; and él respectively in Q4 and X4 = Xo. We thus have that Q)3 = Q4.

We will now prove that 7; always has unbounded growth on any word (); that contains ffu or ffl_z at
least once by applying Lemma 2. Note first of all that condition c is met. I.e., for any such word @);
every subword in (Q; from the set {él, w14, /_fu, Ef s Wy 4 ffl_l} will result in the production of at least
one word from that same set in Q1.

Now, for each T; we have the following words [f“ ffl 1 = /_fl 2 = wl, /_1'173 = /_fl 4 = lwy. After
one s-round on A1 1 and A1 4 T produces either Ag 1= A1 1wi,1 and Ag 4 = wp 4A1 4> respectlvely,
or Bg 1 = Bg4 = Bl After one s-round on Al 2 and A1 .3 T produces either A2 9 = Blwl 2 and
A2 3= w1 331 or Bg 2= A1 2 and Bg 3= A1 3. Since eachl e 1s odd, it now easily follows that for any
word () that contains at least two words Al,i (or one word Al,i and at least one word /Tl,i) there is always
at least one word ffl,i in Q; that results in two words from the set {él, w14, A'Li, Ef, wii, xéffl} inQj1
and ;41 will again contain at least one word /_1‘17@-. The reason for this is that the only words between
two consecutive words ffm’ are words El and words w1 ;. This means that every two words A)l,i in Q;
are separated by a subword of even length and thus, when the first gl,i is entered with shift 0, the second
will be entered with shift 1 and vice versa. It thus follows that at least one word /L,z‘ in (); will result in
gg,i in Qj4+1 (Note that EQJ‘ is different from any words in the set {El, w1 4, fflm éf, wy ffl_z}) Thus
conditions a, b and ¢ of Lemma 2 are met for words (); that contain A’Li at least twice (or one word ffi
and at least one word le,i)- Furthermore, ()11 contains at least one word 12(1,1‘ (or /Ylji).

The same can be proven if (); contains only one word ffl,i or ﬁl,i. We can furthermore prove that for
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these words (Q; property d is met. We will only prove the result for 77. The proofs for T5—T follow the
same method.

Note that T} produces ffl,l after one O-round and El after one 1-round on wy,1. Now, given a word @
that contains only one word fflyl (or one word /Tl_’l), then:

Q; = X;V; A Wi (or Q5 = A, Wy) X € {e, By ,wi,},V;, Wj € {Br, w1}

If X; =ecand Q; # ﬁile then T" produces the word ffg,l = ffmwl,l in )j4+1 and thus conditions a,

b,c and d of Lemma 2 are met. Le., there is at least one subword in (; from the set {/Yl,l, él, w11, ffib éf, wil}
from which T" produces a new word that is the concatenation of two words from that same set in (41,

this word is different from every word from that set and ()41 again contains at least one word /Tl,l-

If /TLI in Q; is entered with shift 1 then [¢, is even. This means that after one round on Q; T produces:

Qj+1 =V BiWjip1 Vip € {Br,wia}*, Wit € {wi1, 411}

If W; contains at least one word w1 1 then W1 must contain at least one word ffm (Note that if /YM
in @); is entered with shift 1 then the leftmost w1 1 in W is entered with shift 0). It then easily follows
that 77 will produce at least one word ffgl in Q42 since the leftmost word /Yl,l in ;11 will be entered
with shift O and thus conditions a—d of Lemma 2 are met.

If W41 contains no word ffm then lg,, is even. In that case, if ()j+1 contains at least one word w1 1
then it easily follows that it takes two more rounds on ();41 to produce at least one word /Y2,1 in Q43
(Note that since le 1 18 even, the first word ffu produced in Q42 will be entered with shift 0). Finally,
if ()41 contains no word w11 then, Q41 = E{‘, n > 1 and it easily follows that it takes three more
rounds on ()41 to produce at least one word ffm in ;4. Clearly, also in these last cases conditions
a—d of Lemma 2 are met.

The result of unbounded growth now easily follows for words (); that contain /Ym or /Tfl at least once
since any such word always satisfies conditions a—d of Lemma 2.

CaseIL.B.3. [, =5 (wg =1, #1 =2).

There are exactly 5 tag systems T5—Ty covered by this case. For any T}, wy; = 07110" and after one
s-round on w1 ; T; either produces él = 1Iml+lal of ffu = 1lm/2] w11Lt1/2J. We split the case ac-
cording to the value of [r1/2] + [t1/2], i.e., either [r1/2] + [t1/2] = 2 0or [r1/2] + [t1/2] = 3.
Note that for each of these T}, any word (), j > 2 is of the form (A).

Case ILB.3.a. By = 11 (wo = 1, #1 = 2,1, = 5).

There are exactly 3 tag systems covered by this case, i.e., T5 with wy 5 = 10000, Ts with wq ¢ = 00100
and 77 with wy 7 = 00001. It is easily proven for each of these tag systems that for any word Ay # 0
it takes at most 6 rounds on A to produce a word (); that contains at least one word fflﬂ- or /_fl_l The
reason for this is that [,,, is odd (note that if ()2 contains at least two words él or wy ; then it easily
follows that it takes at most two rounds on ()5 to produce a word that contains at least one word /_1’1714 or
A7),

We prove the case by showing that all conditions of Lemma 2 are met for any word );,j > 2 of form
(A) that contains at least one word ffu or /Tfl First of all, note that it easily follows that condition (c) is
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satisified, i.e., every word from the set {éf, wy, ffl_, By, w1, ffl} will again result in at least one word
from that same set in Q1.

The values for the words ffl,i are fflj = w1,5§1, /Tl,6 = lwi 61, ffm = §1w1,7. Now, for any word
Q; = ffl,i or Q; = /Tl_Z it can be easily computed that it takes at most 2 rounds of 7" on (); to produce
a word that again contains le,z’ and at least one more word from the set {Ef, wy, fff, El, w1, /Tl}
This means that we only need to consider words (); that contain either one of the following words as a
subword:

B
S~—
I

gljl,i (Ol“ Efjl,Z)
= Al,iBl (Ol“ AizBl
= wl,iAU (OI“ wl_,iA]wi)

\%\_/\_/
I

A)l,iwl,i (OI‘ Ai{luLi
= Aii (or Al_,iAl,i)

A~ N N /SN /N
)
~—

e

For any tag system 75-71% it can be easily checked that if (Q; contains at least one of the subwords
(a)—(e) then it takes at most three rounds of 7" on Q); to produce from each of these subwords again
one of the words (a)—(e) plus at least one word from the set { By, w1 ;, /Tl,i, Ef, wy /Tl_z} in the word
Qj+i,0 < i < 3. It thus easily follows that conditions a—d of Lemma 2 are satisfied and the result of
unbounded growth immediately follows.

Case ILB.3.b. B) = 111 (wg = 1, #1 = 2,1y, = 5).

There are 2 tag systems covered by this case, i.e., Tz with wy g = 01000, Ty with wq 9 = 00010. Now,
given some initial word Ay # 0 it is easily checked that either 7; is perlodlc on Ay or it takes at most
4 rounds on Ay to produce a word that contains at least one word A, 4 or A . Both tag systems are
periodic on w1 ; and 11.

We will now prove that T; always has unbounded growth on any word (); that contains /_f“- or /_f*

at least once by applymg Lemma 2. The main difficulty with these two tag systems is that after one
s-round on A1 i (A1 8 = wigl, A1 9 = lwy 9) T; either produces a word Ag . that contains wy and A1 i
or B1 = 111. We will only consider Ty since w1 g is the mirror image of w; g and the proof of Ty thus
easily reduces to the proof of 7.

Now, it is easily computed that for any word Q); = A sorQ;= /_fl_g it takes at most 3 rounds of 73 on
Q; to produce a word that contains A1 8 and either 31 or wi g. We thus only need to consider words () ;
that contains one of the words (a)—(e) with i = 8 as a subword.

It can be easily verified that if (); contains at least one of the subwords (b)—(e) then it takes at most
three rounds on (); to produce from any of these subwords (b)- ( ) again one of he words (a)—(e) and
at least one more word from the set {Bl,wl 8,A1 8,Bl Wy 8 Aj 8} in the word ;4,0 < 7 < 3.

The problematic cases are words that contain only one word A1 4 and A1 ;i 1s preceded by 31 There
is no problem when (a) is entered with shift 0: after one O-round on (a) 7y produces ngAngLg.
However, when (a) is entered with shift 1, then T3 produces wljgél, after one O-round on wl,ggl T3
produces B’lwlyg and after one 1-round on glwl .8 T again produces w, 851 This means that there is
not necessarily an n such that the subword (a) results again in one of the words (a)—(e) and at least one
more subword from the set {Bl, w18, A1 85 Bl ; Wy g, 178} in Q4+, so we need to consider this special
case separately.



L. De Mol/Solvability of the halting and reachability problem for binary 2-tag systems 21

Now, if Q; = (a)~ then it can be easily checked that Q13 = wisfflﬁ- If Q; # (a)” but contains
(a) and (a) is followed by any word By, w; 8 or A 8 or ( ) is preceded by A; .8 then Q) contains at
least one of the words (b)—(e). If (a) is preceded by B then it is easily computed that it takes at
most two rounds on @); to produce from B2 A, g one word (a)—(e) and at least one word from the set
{Bl, w1 8, A 8 31 , Wy gy Aj 8} A similar result is easily proven when @); contains (a) and éf (note
that after one s-round of T3 on B1 Tg produces wl,s)- The only remaining possibilities are that ); is one
of the following words:

Qj = ij?l (§1w178)n1...w?i(él’wl’g)niélgl’g Xj S {E,Efwlyg,wig},nj eN
Qj = ij?l (ngBl)nl...’w?i(’ngBl)niALg Xj S {e,wiSBl,wis},nj eN

It can be easily checked for each of these possibilities that it takes at most 3 rounds to produce a word
Qj+i,0 < i < 3 such that j4, contains at least one of the words (b)—(e). It now easily follows from
Lemma 2 that 75 always has unbounded growth on any word Ay # 0 for which 73 produces a word that
contains at least one word fflﬂ- or /sz

CaseIL.B4. [, =6 (wog =1, #1 =2).

There are 6 tag systems T79—115 covered by this case, i.e., T1g with w19 = 100000 and T7; with
w11 = 010000, T15 with w112 = 001000, T13 with w113 = 000100, T74 with w114 = 000010,T75 with
wi,15 = 000001. For each of these T}, T; either produces Bl =111or ffu = 1lm/2] wil [t1/2] after one
s-round on w ;. For each of these T;, T; either produces El =111or A’Li =1 L”/ijll lt1/2] after one
s-round on w1 ;. Also, every word () is a word of the form (A). From this, it easily follows that condition
c of Lemma 2 is satisfied. Le., for any of the subwords in (); from the set {él_, wy, fo, Bl, w1, El}
T; again produces a word from that same set in ;1. We can also prove that all the other conditions of
Lemma 2are met.

It is easily proven that T79—1"5 always have unbounded growth on any word ); that contains one of the
subwords (a)-(e), 10 < ¢ < 15 or:

) wi; (or wywa )
g) wl,igl (or wl_,iél)
h) élwl,i (OI‘ B?fwlyi)
i) B?(or By B))

—~ T/~

Indeed, it can be verified that if one of these subwords (a)-() is in Q; then it takes at most two rounds
on ; to produce from one of these subwords (a)-() again one of these subwords and at least one more
word from the set {gl, w1 i, /‘1’1714, E;, wy zéffl} in the word Q44,0 < < 2.

It is furthermore easily proven that for anS/ word Ag # 0 it takes but a finite number of rounds of 7; on
Ay to produce a word that contains at least one of the subwords (a)- (7). Hence it easily follows that each
T; always has unbounded growth on any initial word Ag.

CaseILLB.5. [, =7 (wg =1, #1 =2).
There are 7 tag systems covered by this case. For any T;, w; ; = 0" 10t and after one s-round on W1
T; either produces Bl = 1[ml+ltl or A’u = 1lm/ 2lel lt1/2] We split the case according to the value
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of [r1/2] 4 [t1/2], i.e., either [r1/2] + [t1/2] =3 or [r1/2] + [t1/2] =4

Case ILB.5.a. By = 111 (wy = 1, #1 = 2,1y, = 7).

There are 4 tag systems covered by this case, i.e., Tig, w116 = 1000000, T17 with wq 17 = 0010000,
Thg with wy 18 = 0000100 and Th9 with wy 19 = 0000001. These tag systems always have unbounded
growth on any initial word Ay # 0. The proof is similar to the proof of unbounded growth for 770775
and thus we leave it to the reader.

Case ILB.5.b. B) = 1111 (wo = 1, #1 = 2,1, = 7).

There are exactly 3 tag systems 75y — 7152 for which El = 1111, i.e., Ty with wy 29 = 0100000, T5;
with wy 21 = 0001000 and T2 = 0000010. After one s-round on wy ; each of these T; either produces
By = 1111 or Ay ; = 1171/214y;1141/2] 1t is easily proven that every T; has unbounded growth on any
word Ay # 0. The reason for this is that, on the one hand, it easily follows that [ A > lwm and, on

the other hand, every word B, produced from one word w1 ; always results in the production of two
words w1 ;, whatever shift él is entered with. Thus, once w; is produced from the initial word Ag then
T must have unbounded growth on Ag. It can be easily checked that it takes at most 2 rounds on any ini-
tial word A # 0 to produce a word that contains w; at least once, hence the result of unbounded growth.

Case IL.B.6. ,,, > 7 (wo =1, #1 = 2).

Let T be a tag system covered by Case I1.B.6. After one s-round on w; T either produces By =1"or
ffl,l- = 1lm/2] wllm/ 2], However, since [,,, > 7 and w; contains only one 1 symbol, it easily follows
that n > 4in B; = 1. The result of unbounded growth thus easily follows (See Case I1.B.5.b).

Case IL.C. #1 > 2 (wp = 1).
We split the case into two main cases according to the value of [, , i.e.,l,,, = 3 and [,,, > 3. We do not
take into account the case with [,,, < 3 due to Wang’s decidability criterion.

Case II.C.1. [,,, = 3 (#1 > 2,wp =1).
There are exactly four tag systems in this class depending on the value of wy, ie., w; = 111,w; =
101, w; = 110 and wy; = 011. We need to study each of these tag systems separately.

Case II.C.1.a. w; = 111 (I, = 3, #1 > 2, wp = 1).

This tag system 7" will always have unbounded growth on any word Ay # 0. The reason for this is that
for this case any word (Q; produced after j rounds on Ay consists entirely of 1 symbols and with every
computation step, two 1 symbols are appended and only 1 deleted.

Case IL.C.1.b. w; = 101 (I, = 3, #1 > 2, wy = 1).

We will prove that this tag system always has unbounded growth on any initial word Ay # 0. Note that
T either reads two 1 symbols or one 0 during one s-round on w;. In order to prove the case we apply the
table method for 2 iterations on wy:

Table 14: w; = 101




L. De Mol/Solvability of the halting and reachability problem for binary 2-tag systems 23

w1 Aq Ao By
S(] ffl = ’U)% fTQ = /Tlél jg = A’le ég = wlég
Sl gl = wo/ éz = élgl ég/ /_fgs/

It is easily checked that 7" is periodic on the words w; and By. It can also be checked that it takes at
most 3 rounds on any initial word Ao that differs from these two periodic words and Ay # 0 before
T produces a word that contains A1 or A at least once. Since it follows from Table 14 that after one
s-round on A1 T produces either Ag or Bg and after one s-round of 71" on Ag or Bg T always produces
a word that contains either /TQ or _§2 it follows that any word (), j > 3 always contains ffg,flé ,ég or
EQ_ at least once. Furthermore, for any such word (), j > 3 it is impossible that (); contains wi as a
subword. IL.e., there is no combination of words w; and wy that results in w% (Note that the only way to
produce wy is when w is entered with shift 1). We can now define (); as follows:

Qj =X;V;Y; Xje {w;woawfw1’€}71/} € {wo, w1, €}
V; € {wowy, wiwg, w}, As, By }*

with the following restrictions on X, V; and Y;: (1) if X; = w;j wo then the left end of V; cannot be
wowy Or Bg (2) no subword Eg or wowp in V; can be preceded by fTQ or wiwg and, finally (3) if Y; is
wo then the right end of V; cannot be A'g or wiwg.

We will now prove that 7" always has unbounded growth on any such word @);. In order to prove this,
first of all note that after one round on (); every one of the subwords in X;V}, i.e., words from the set
{w wo, wy wi, wowr, wiw, w?, /Yg, 52}, results in at least one subword from that same set in ;1
which is at least as long as the original word in ();. Furthermore, ()1 is of the same form as (); again
containing at least one word [fg,ﬁ? ,By or B; . This follows from the productions of table 14. It also
follows immediately that the length of Y}, which is either equal to wg, w1 or €, is bounded.

Now, if (); is one of the words AQ, A2 ,Bg or B then it is easﬂy checked that it takes at most 2 rounds
of T"on @); to produce a word that again contains Ag, A or 32 or B and at least one word wg or w1 .

This means that we only need to study words (); that contain at least one of the following words as a
subword:

— — —

(1) Aswg = wiwj woAa = wowiwy Ay wo = wj wiwd

(2) Agwy = wiwow wy Ay = wiwg /f;wl W] Wiwowq wf/fg = wfw%wo
(3) Bowg = wow?w woBy = w%w% é;wo = w?wy

(4) Bty = wow? W By = wywow? éz wy = w} wfég = wj wow?

It is easily checked that if ); contains any of the subwords (1)—(4) then it takes at most 3 rounds of
T on @; to produce from any of these subwords again one of the words (1)—(4) and at least one more
subword from the set {w, Blwl, wq Bl} (Note that the words Ag’wo, A wq and woBg contain wg as a
subword, so we do not need to take them into account. If (); contains A2 wi, Wy Ag, 5 Wo, 32 wq or

wy gg these words are at the left end of (Q; and are thus entered with shift 0).
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It now easily follows that 7" always has unbounded growth on any word () ; that contains one of the words
(1)-(4) at least once.

Case II.C.1.c. w; = 110 (ly, = 3, #1 > 2, wp = 1).

It can be proven that this tag system is periodic on any word Ay # 0 from which T" produces (w;11)"
after one round and has unbounded growth on any other initial word Ay # 0. Note that 7" always reads
one symbol 1 during one s-round on w;. This immediately implies that 7" cannot halt on any word Ag
that results in the production of a word that contains at least one w; or one w; . It can be easily checked
that it takes at most two rounds of 7" on Ay # 0 to produce a word that contains w1, thus T’ can never
halt on any word Ay # 0. In order to prove the case, we need to apply the table method to w; .

Table 15: w; = 110

w1 Aq
So | Ai=wil || AV
51 El = w1/ B2 = w%

Given an initial word Ag # 0, then it follows from Table 15 and Corollary 1 that any word @, 7 > 1:
Qj=X;V; Xje{ewy, By, AT}, Vy € {w, By, Ay}

If Q; = ff’f, n € N then @); is periodic. The reason for this is that A reproduces itself when entered
with shift 0 and [ e is even.

We can now prove that if Q); # ff?, n € N, j > 1 then T has unbounded growth on ();. We then have:

= wl

= wf/f’f, neN

;= /Tl_/f’f,n eN

i = X;VyunY;W; X € {6, wf,é;,fff},vj € {Al}*,}/j € {6,“}1,B27A'1},Wj € {wl,ég,/fl}*

1

/-\/BA
SESESPS

)
)
3)
)

If ); is one of the words of the forms given in (1), (2) or (3) then it can be easily checked that the word
Qj+1 produced after one round on Q; is a word of the form given in (4) and lg,., > lg,. We thus only
need to consider words (); that are words of form (4).

It easily follows that 7" must have unbounded growth on any word of form (4). Note first of all that none
of the subwords in X;, V; and TW; can become shorter. This follows from Table 15.

Now, if Y; = wy or Y; = B, we immediately have that ;.1 > lq, since whatever shift wYj is then
entered with, it results in the production of a subword in ()11 that is lengthier than w1Y’; (see Table 15).
Furthermore ()41 is again a word of the form (4).

IfY; = /Tl and wlffl is entered with shift 0 7" produces fflw% in (Qj4+1 from wlffl in ()j. We thus again
have that lg,,, > lg, and Q;41 is again a word of form (4). If, on the other hand, w; Aj is entered with
shift 1 then 7" reproduces wlffl in Q;j41. However, if wy /fl in (; is entered with shift 1 then it must be
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the case that either X; = ]§2_ or X; = /Tl_ since [, — and [ 1, are even and we have assumed that wlffl
1

is entered with shift 1. But then it must be the case that lg,,, > I, since after one round on Q);, B, in

Q;j results in w1 Ay (or wy Ap) and A; results in w% (or wy wy ). Since lw;le > l§; and lw; > lg;,

w
we again have that lg, ., > lg; and Q1 is again a word of form (4).

Finally, if Y; = € and w1Yj is entered with shift O then 7" produces /Tl from w; in );, when entered
with shift 1, T" produces w1 in Q41 from wy in Q;. If w1Y; is entered with shift O this either means
that ; = wy, Q5 = ff?wl orQ; = wl_ff’fwl. In the first case it follows that Q11 = ffl_ and thus
Qj1+2 = wy wi. We then have that g, , > lg, and Q; 2 is again a word of form (4). In the second case,
if Q; = Afwy then it easily follows that Q;1 = A; A} and thus Q; 2 = By BY and, since Iz > I3
that lg,,, > lg, and Q2 is again a word of form (4). If Q; = wl_/f?wl then Q11 = wy A" but
then Q12 = w A"t and thus Qj+3 = EI§§+1. Clearly, lg;,5 > lg, and Q3 is again a word of
form (4).

If Y; = € and w1Yj in Q); is entered with shift 1, then 7" reproduces w1 Y in Q1. However, then we
again have that either X; = B; or X; = /Tf and thus that we still have that I, , > lg, and Q11 is
again a word of form (4).

It now follows that 7" always has unbounded growth on any word Ay # 0 for which the word Q)2 pro-
duced after two rounds on Ay is not a word E’f, n € N.

Case IL.C.1.d. w; = 011 (I, = 3, #1 > 2, wg = 1).

The proof of this case is very similar to the proof of Case II.C.1.c. The reason for this is that w; = 011
is the mirror image of w; = 110. As a consequence the words that can be produced through the table
method from w; are symmetrical to the words produced from w; of Case II.C.1.c. through the table
method.

Case II.C.2. [,,, > 3 (wg =1, #1 > 2).

We split the case into two cases, determined by the parity of the number of 0 symbols between con-
secutive 1 symbols, i.e., w; = 0" 10%110%210%3...0%#1-110", with any #;, 0 < i < #1, odd and
wy = 0"10%110%2...0%#1-110", with at least one x;, 0 < i < #1 even.

Case I1.C.2.a. wy = 0"1107110%210%3...0%#1-110" (wo = 1, #1 > 2, L, > 3).

Note that since all 1 symbols in w; are separated by an odd number of 0 symbols, 7" will either read all
1 symbols in w; or no 1 in w; during one round on w;. We split the case into two cases: l,,, = 4 and
Ly, > 4.

Case II.C.2.a.1. [, =4 (wg =1, #1 > 2).

There are two possible tag systems in this class: either w; = 1010, or w; = 0101. It is easily proven for
both tag systems that they either become periodic or have unbounded growth on any word Ay # 0. We
will only consider the case with w; = 0101 as the other case is symmetrical to this case.

First, note that after one O-round on w; 7" produces B, = 11, after one 1-round, T produces w?. It easily
follows that for any word (), j > 1 produced after j rounds on Ay we have:

Qj = va} Xj € {67 §f7w;}7w S {gljwl}*
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Now, since [,,, and By are even it easily follows that if X; = e then T is periodic on @;. It also
follows that if X; # € then 7" has unbounded growth on @);. Indeed, if X; € {Ef ,wj } then every
word wy in Q); produces w% in Q41 and every word él produces wy in Q41 and thus we have that
leJrl > le. Furthermore, since le is odd, we again have that X, € {Ef, wl_} and thus leH is odd.

Case I1.C.2.a.2. [,,, > 4 (wg = 1, #1 > 2.) It is easily proven that any tag system 7 in this class will
always have unbounded growth on any initial word Ag # 0. This follows from Cases I1.B.7, ¢ > 2 where
it was proven that any tag system with [,,, > 4,#1 = 2 always has unbounded growth on any initial
word Ay # 0 except for the tag systems with w; = 01000 and w; = 00010 for which there are two
different periodic words. However, the only reason why these two tag systems can be periodic is that
the word A; contains only one word wy. Clearly, this is impossible for the tag systems covered by Case
II.C.2.a.2. Indeed, if 51 = 111 for this case then ffl must contain at least two words wy.

Case II.C.2.b. w; = 07110%110%210%3...0%#1-110", with at least one z; even (wo = 1, #1 > 2, Ly, >
3).

It is easily proven that any tag system from this class always has unbounded growth on any word Ag # 0.
First of all, it is trivial to prove that it takes at most two rounds of 7" on Ay to produce a word (); that
contains at least one word w;. Now, depending on the shift w; is entered with, either at least two 1
symbols are read (thus resulting in the production of two words wy) or at least one symbol 1 is read.
If only one 1 is read this must result in the production of one word w; and at least one word wy (since
ly, > 3). In other words, whatever shift w; is entered with it always results in the production of a word
that is lengthier than /,,, and that word again contains w;. Hence the result of unbounded growth.

Case III. wy = 0.

As explained in Sec. 2.2, the only parameters used to determine the several subcases of Case III are
parameter 1, the total number of 1 symbols #1 in the two appendants, and parameter 4, the parity of the
number of 0 symbols separating consecutive 1 symbols in w;. An important feature of tag systems 7' of
this case is the changes in the parity of the number of 0 symbols separating consecutive 1 symbols in w;
with every new s-round on wj. To see this, take for example the tag system with w; = 101010100. After
one O-round on w; T produces the word /_fl = wiwywyw10, after one 1-round 7" produces 000. Now,
since the number of 0 symbols between the rightmost 1 in the first, second and third w; in ffl and the
leftmost 1 in the second, third and last w1 in A7, respectively, is even, it immediately follows that what-
ever shift A is entered with it results in the production of a word that contains A twice. This implies
that this tag system always has unbounded growth on any initial word Ay that results in the production
of a word that contains ffl at least once. If, on the other hand, w; = 10101010 then this tag system
will either halt or have unbounded growth. The reason for this is that the distance between consecutive 1
symbols in the word produced after one 0-round on w; will always remain odd.

In the remaining sections any sequence of 0 symbols 0° will be represented as i to avoid compli-
cated notations. For any tag system 7" with #1 > 0 the word w; will be represented as w; =
t11x11lwol...x41-11r1 where r1 and ¢; denote the number of 0 symbols to the left-hand side of the
leftmost 1 in w; and to the right-hand side of the rightmost 1 in w1, respectively; x; stands for the
sequence of 0 symbols separating consecutive 1 symbols in w;. Indexed variables k; represent some
sequence of 0 symbols of length k;.
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Let T be a tag system with #1 > 0, ffo = wj. Since #1 > 0 it must be the case that after n € N
s-rounds on w at least one word A,, is produced that again contains at least one word w;. In what
follows any such word A,, will be represented as:

A, = [X1/2Y [XQ/Q"_I]...[Xn_l/Zl][Xn/Q}wlknlwlan...knjwl[Yn/Q] [V_1/4]...[Yo /2" [Y1 /27
Now, let:
Ay = [X1/27[X2 /2 [ X1 JA[ X/ 2D sy wi gy i wn [V /20 (Vi /4] [Ya /20 (Y2 /27)

be some word from which ffn is produced after n s-rounds with ffo = wi. Then each X; in ffn
represents the total number of 0 and 1 symbols erased in wik;, wik;, k:z] w1 to the left of the leftmost

1 read in /fi,l, and each Y; in ffn represents the total number of O and 1 symbols erased to the right of
the rightmost 1 that is read in A‘Z'_l. For example, if n = 1 then ffl = [X1/2]w1k11w1 k12 ...k‘lj w1 [Y1/2]
and X is the number of 0 symbols produced from the sequence of O symbols preceding the first 1 read
in wy from which 7" produces the leftmost w; in ffl and Y7 is the number of 0 symbols produced from
t}le sequence of 0 symbols that follows the last 1 read in w; from which 7" produces the leftmost w; in
A

Before we begin to give the subcases for Case III we will prove that there is an n such that for any
number i € N the sequences [X; /2" [Xo/2" 1. [X,,1:/2] and [Y,4i/2]...[Yo /2071 [Y7 /27
in anﬂ‘ are bounded. It is this property that largely determines the ultimate behavior for any tag system
T with p = v = 2, wp = 0 for some initial word Ay. This property is proven through Lemma’s 3 and 4.
Lemma 3 proves that one can determine values X4z, Yinaz, Xmin, Ymin sSuch that for every X; and Y;,
Xi = Xomaz or X; = Xpin and Y; = Yia, o1 Y; = Y. This Lemma is used to prove Lemma 4. This
Lemma proves the above boundedness property.

Lemma 3. Given a 2-tag system 7' with u = v = 2, wg = 0 and #1 > 0, w; = t11x11x91...1r, then
one can determine values X4z, Yimaz, Xmin, Ymin for any word A,:

Ay = [X1/2"[X9/2" . [ X1 /4] (X /2w1 ki w1 Ky ..o w01 [V /2] [Vt /4] [Yo /27 1] [Y7 /2]

produced after n s-rounds on w; that contains at least one word wy, for every X;,Y; € ffn, X; = Xmaz
or Xz = Xmin and sz = Ymaa: or Y; = Ymm

Proof:

In order to prove the Lemma we split Case III into three global subcases, determined by the parities of
the sequences of 0 symbols between consecutive 1 symbols in wy, i.e., w; = rilt; (#1 = 1), w; =
rilxilagles... vy 118, #1 > 2, with at least one x; even, and wy = 1112 1@o1d3...Du1_11¢1, #1 >
2, with every ; odd.

Casea. w; = rilty, #1 = 1.

After one s-round on w; T either produces the word A = [X1/2]w1[Y1/2], with X1 =, Y1 = ¢4
or a sequence of 0 symbols. After one s-round of 1" on AT again produces either a sequence of
0 symbols or the word Ay = [X1/4][Xo/2]w1[Ya/2][Y1/4],Xo = r1,Ys = t;. It easily follows
from this that after n s-rounds of 1" on w; T produces either a sequence of 0 symbols or a word
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A, = [X1/2M[X2/2" Y. [ X1 /4] [Xn /2w1 [V /2] [Yno1/4]...[Y2/27 1] [V /27] since any word A,
contains only one word wy. It follows that for any such word A,, that contains at least one word wy it
must be the case that each X; = rq,Y; = t; and thus we have that each X; = X,,0: = Ximin = 71 and
}/i = Ymax = I'min = tl-

Case b. wy = rlz11lzolas...xp, 1t1, (#1 > 2), with at least one z; even.
Note that for any tag system 7' for which w; that contains at least two 1 symbols separated by an even
number of 0 symbols, 7" always reads at least one 1 in w; during one s-round on wy. Let:

A = [X1/27[Xo /2" (X1 /4] (X 201 Koy w1 iy Koy w1 [V /2] Y1 /4] [Yo /27 1] (Y1 /27
be some word produced after n s-rounds on w; and let:
gz’ = [Xl/QZHXQ/Qlil][XZ_1/4HXZ/2]'U}1]€ZIU)1/{ZZ2]{7 wl[Y /2][ i— 1/4] [Yg/Qlil][Yl/zz]

be any of the words from which A, is produced after n — % s-rounds on A; with Ay = wy. It then easily
follows that for each X; in A, either X; = t1 (when the first 1 read in A; from which T produces the left-
most wy in A,+1 is the leftmost 1 of the leftmost word wy in AZ) or X; = t1+a&1+a2o+...+;+7 with Z;
the first sequence of 0 symbols in w; that has even length (when the first 1 read in A; from which T pro-
duces the leftmost wy in /Ti“ is not the leftmost 1 in the leftmost word wq in /Yi). Similarly, for each Y; in
ffn, eitherY; =ty orY; = &y +aj 1+ +Ty1_1+71 +#1—7" where j is the index of the last sequence
of 0 symbols in wy that has even length. We then have that X, = t1+21+22+...+3;+ 7, Xonin = 11
and Yy,in = t1, Yipae = Ty + 2y + oo+ dp o +rp +#1 — 7" and for any X;,Y; in A'n, X = Xoaz
or X; = Xppip and Y; = Yipp or Y; = Y.

Case ¢. wy = ri1@1@olds...dp, 161, (F#1 > 2), with every &; odd.
Since all 1 symbols in w; are separated by an odd number of 0 symbols, 7" will either produce a sequence
of 0 symbols or the following word after one s-round of 7" on wy:

ffl = [X1/2]w1 [{[,‘1/2]’[01 [:b2/2]w1...w1 [3'3#1_1/2]101 [Y1/2]
with X7 =, Y] = ;.
Now, if there is at least one j such that ¢; + [#;/2] + 7 is even, where t; + [;/2] + 71 gives the total
number of 0 symbols separating the rightmost 1 symbol in a word w; from the leftmost 1 symbol in
the next word w; in wy[£1/2]w;, then the case reduces to case b since then there is always at least one
wy for which the total number of 1 symbols in w; will be read by 7T'. It then immediately follows that
Xmin = 71, Xmaz = jlw1 + [.%'1/2] + [x2/2] + ...+ [x]/Q] 4+ 71, Ymin = t1, Ymar =11 + [.%']//2] +
[@jip1/2] + ..+ [Ep1-1/2] + (F#1 — j')lw, With ty + [2;/2] + 71 and t; + [x /2] + t; respectively the
leftmost and rightmost sequence of O symbols in A that is even. For any word A, produced after n s-
rounds on w; and any X; and Y; in ffn produced after n — 1 s-rounds on ffl, X = Xoaz or X; = Xpin
and Y; = Yz o1 Y; = Y.
If there is no such 5 then T" produces either a sequence of 0 symbols or the following word:

Ay = [X1/4) Ay i1 J4) AL [d2 J4) Ay Ay [0 1 /4] AL [Y2 /4]

after one s-round on A;. Again, if there is at least one j such that £, + [V; /2] + [i;/4] + [X1/2] + 1 is
even the case reduces to case b, and we can again determine X4z, Xmin, Ymaz and Yoin.
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If there is no such 5 then T will again produce a sequence of 0 symbols or a word /Tg after one s-round
on /YQ,...

Generally speaking, for any 7" from this class, there are two possibilities. The first is that there is an n
such that the word:

A, = (X1 /2" An 1 [d1 /2" Ap1[E2/2™) A1 A1 [ -1 /27 A1 [V1/27]

contains at least one sequence of 0 symbols t1 +[Y;,—1 /2] +[Y,,—o /4] +...[Y1 /2" + [, /2"] + [ X1 /2" +
oo+ [Xn—2/4] +[X,,—1/2] 4 r1 that is even. The second possibility is that there exists no such n. If there
exists such an n, then the case reduces to case b and X 4., Xinin, Ymaz and Yy, can be determined.
If there exists no such n then it immediately follows that for any ffm Xnmaz = Xmin = ™1 Ymar =
Ymin = t. U

Lemma 4. Given a 2-tag system with g = v = 2, wp = 0 and #1 > 0, w; = t11x11x91...1r, then it
is possible to determine values n, Maxx, Maxy € N such that for any word A,,1;,7 € N:

—

Ay = [X1 /2" [Xngio1 /A [ Xngi /2] wi ki, 01 Ko i 01 Yoy /2] Voo 1 /4] [Y1 /27
produced after n s-rounds on w; that contains at least one word w; we have that

[X1/2n+i]...[Xn+i_1/4] [Xn+i/2] < Maxx
[Yn+z/2] [Yn+i—1/4] vee [Y1/2n+2] S MaXY

Proof:

We will only prove that any sequence of 0 symbols [X1/2"%]...[ X, i 1/4][Xnsi/2] will become
bounded by some constant Maxx after a certain number n of s-rounds of 7" on w;. The proof for
the right-hand side is symmetrical to this case.’

Let T" be a 2-tag system with 4 = v = 2, wg = 0 and #1 > 0, then for any word Ay, produced after m
s-rounds on w; that contains at least one word w1 :

A = [X1/2™][Xo /27 [ X /2001 Koy w1 By - Ko w1 Yo /2] [Y2 /277 1] [Y7 /27

It follows from Lemma 3 that for each X; and Y; in ffm, X < XiazYi < Y. Note also that
any [X; /2™~ ] is in fact | X; /2™~ | or [X;/2m~1], In the first case, [X;11/2™ *?] is in fact
[X;11/2™7 27, in the second, [X;.1/2™ 2] is in fact | X;;1/2™**2]. The reason for this is that if
one sequence of 0 symbols [X;/2™~+1] is entered with shift 0 and [X;/2™~ 1] is odd, then the next
sequence of 0 symbols will be entered with shift 1, and vice versa.

We can now determine values Maxx and Maxy and n. Let us assume the worst case such that each X;
and Y; in /fm has the maximum value X, and Y;,4., respectively. Evidently, there must be an n such
that either [ X,n00/2"%] = 1, | Ximaz/2" 1| = 0 0r | Xpnaz /2" = 0, [ Xinaz/2" 1] = 1. Now, given the
word:

A, = [Xomaz /2™ [Xmaz /2" . [ Xonaz /2w Ky w1 iy cecken w1 Ymaz /2] [Yimaz /2"

31 am indebted to an anonymous referee for pointing out a serious error in a previous version of this proof.
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Then, after one more s-round on /Tn T produces:
A1 = Xonae /2" [Xomaz /2" [Ximaw /2" [Ximaw /201 kn 1y oK1, w01 [Yinae /2] [Vinae /277

Now, if [Xynaz/2"] = 0in A, then [X,naz /2" = 0in Ay 1. I [Xonaz /2] = 1, [Xpmaz /2"~ = 0in
Ap, then [Xnaz /2™ = 0in A, 1 and [Xonae /2" = [Xonaz/2"]. It thus immediately follows that:

A1 = [Xomaz /2" [ Ximaw /2" o [Kimaw /2wt Engty Kot w1 [Yinas /2] [Yinaa /27

and thus that for any word A,,_; the sequence of 0 symbols [ X1 /2] [ X5 /27 [ Xppio1/4][ Xpti /2], X; =
Xmin or X; = Xuae 18 bounded either by:

| Xmaz /2" [ Xomaz /2" 1 [ Xinaz /2]
If [ Xonaz/2" [ Xmaz /2" [ Xonaz /2] > [ Xonaz /2" | Ximaz /27 [ Xinaz /2]
or by
[ Xmaz/2"] | Xomaz /2" o [ Xonaz /2]
If [ Xonaz/2" | Xmaze /2% o [ Ximaz /2] > | Xonaz /2" | [ Xmaz /27 [Xonaz /2]

Case IILA. #1 = 0 (wp = 0).

It is trivial to prove that any tag system 7" from this class will always halt on any initial word Ay. First
of all, after one round of 7" on Ag T produces the word ()1 = 0", n € N. Secondly, T" always halts on
any sequence of 0 symbols because at each computation step for every 0 appended 2 are deleted.

Case IILB. #1 =1, (wp = 0).

Any tag systems 7' with w; = 711¢; covered by this case will either halt or become periodic on any
initial word A( because the table method halts for 7". Note that this is case a of the proof of Lemma 3
and thus we have that after n s-rounds of 7" on w; 1" produces either a sequence of 0 symbols or a word:

Ay = [r1/2[r1 /274 e /2w [t /2] [t /27 Y[t /27

since wj contains only one symbol 1. Now, it follows from Lemma 4 that we can determine an n such
that for any word fan produced after n + ¢ s-rounds on w; the sequence of 0 symbols to the left-hand
of the leftmost and right-hand side of the rightmost 1 in w; in anH is bounded by come constant. This
implies that there is thus but a finite number of different words A; that can be produced with the table
method and thus the table method halts for T'.

Case III.C. #1 = 2, (wo = 0).
We split the case into two subcases, determined by the parity of the number of 0 symbols between the
two 1 symbols in wy, i.e., w1 = ri1271t; or wy = r1l1x11¢;.

Case II1.C.1. w1 =71 11".1 1t1 (’LU() = O, #1 = 2).
Note that after one s-round of 1" on w1, 1" always produces one wi, surrounded by a finite number of 0
symbols and thus this case is similar to Case IIL.B. I.e., only a finite number of words can be produced
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by the table method when applied to w; and it thus follows that 7" always halts or becomes periodic on
any initial word Ayg.

Case I11.C.2. w1 =171 11,:1 1t1 (wo = O, #1 = 2)

For any tag system 71" covered by this case, either 1" only reads 0 symbols or two 1 symbols during an
s-round on wj. Thus, after one s-round on wy T either produces a sequence of 0 symbols, ultimately
leading to the production of e, or the following word:

ffl = [7“1/2]’[1)1 [.fl/Q] w1 [t1/2}

The parity of the length of ¢; [#/1/2] r1 plays a significant role in the ultimate behavior of 7. Indeed, if
t1 [#1/2] r1 is odd then both words w; in A7 will be entered with the same shift. If #; [1/2] r1 is even
and the first wq in ffl is entered with shift O then the second wy will be entered with shift 1 and vice
versa.

Then, if t1 [#1/2] 1 in A7 has even length T produces one of the following words:

k1,1ff1k1,2

or:
k1 3A1k14

after one s-round on Aj, where k; ; indicates some sequence of O symbols. It then easily follows that if
t1[%1/2]r1 in ffl has even length, then T" will either become periodic or halt on Ag due to the boundedness
property on the number of 0 symbols the left and right of any word A, produced after n — 1 s-rounds on
ffl (Lemma 4).

If t1 [#1/2] r1 has odd length, T" produces:

Ay = [r1/4) A7 [£1/4] Aq[t1/4]

after one s-round on A or a sequence of 0 symbols depending on the shift with which Ay is entered and
the number of 0 symbols preceding the first 1 in A;.
The ultimate behavior of 7" depends on the parity of the length of t;[t1/2] [£1/4] [r1/2]r1 in As. If
t1[t1/2] [21/4] [r1/2]r1 has even length, T produces either one of the following words after one s-round
on Ay: ~

ko 1Ak 2

or:
ko 3Aoks 4

It thus follows that if ¢1[t1 /2] [#1/4] [r1/2]r1 is even that T will always either halt or become periodic
on any initial word Ay.

If ¢1[t1 /221 /4][r1/2]r1 has odd length, then after one s-round on Aj T again either produces a sequence
of 0 symbols or a word A3 containing two words As,..

It easily follows that tag systems 7" from this class will always become periodic or halt on any word Ag
if there is an n such that after n s-rounds of 7" on w; T produces the word:

A, = [r1 /2" A, 1 [£1/27]) Ap [t /27
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with t1 [t1/2] [t1/2n] [(:Cl — 1)/2”] [7“1/2”] [7‘1/2] + 7'1] of even 161’1gth‘

It easily follows from Lemma 4 that we can determine (in a finite number of steps) for any 7" covered by
this case whether or not there exists such an n. If not, 7" will either halt or have unbounded growth on
Ay since for any word A; produced after 7 s-rounds on w; 7' either produces a sequence of 0 symbols or
a new word Az+1 containing two words A;. In this last case it can be decided whether or not 7' will have
unbounded growth. The reason for this is that (1) one can determine an m such that for any word Amﬂ
the length of the sequences of 0 symbols separating consecutive 1 symbols in ffmﬂ is bounded (Lemma
4) (2) for any sequence (; produced after j rounds on Ay the length of the sequences of O symbols
separating consecutive words Ek is bounded (3) given m one can determine the parity of any word /_fk
Then, since any word @,,4; produced after m + j rounds on Ay contains only words meH,z’ € Nand
sequences of 0 symbols, the result easily follows.

Case IILD. #1 > 3, (wp = 0).

We split the case into two subcases, determined by the parity of the number of 0 symbols separat-
ing consecutive 1 symbols in wi, ie., wi = rilailael.. 1241 _11t; with every z; odd or w; =
rilzilasl...x 4111t with at least one x; even. Note that the fundamental difference between these
two cases is the fact that with all 1 symbols in w; separated by an odd number of O symbols either all
1 symbols or no 1 symbols are read during one s-round on wj. If at least two 1 symbols are separated
by an even number of 0 symbols, either at least one 1 or two 1 symbols will be read by 7" during one
s-round on w; .

Case II1.D.1. w1 = Tllxlll‘gl...lt#l_lltl (#1 > 3, wo = 0)

Clearly, for any of these tag systems either at least one 1 or at least two 1 symbols are read during one
s-round on wi. This means that none of these tag systems can halt on an initial word Ay in which T’
reads at least one 1.

Now, for any tag system 7" with #1 > 3, if T" reads at least two 1 symbols in w; whatever shift w; is
entered with, then 7" always produces w},n > 2 after one s-round on w;. From this it easily follows
that T" always has unbounded growth on any initial word Ag for which 7" reads at least one 1 during one
round on Ay. If no 1 is read in Ag then 1" will halt on Ay.

If T always either reads one 1 or at least two 1 symbols during one s-round on w1, then it follows that
there is either one sequence z; of O symbols in w; that is even or there are two consecutive sequences
x;, ;41 that are even. If there is only one x; that is even then either ¢ = 1 or ¢ = #1 — 1. Otherwise,
if we have a pair of (z;,x;41) that are even then ¢ € {1,...,#1 — 1}. For the sake of simplicity we
assume that there is only one sequence of 0 symbols x; that is even and that ¢ = #1 — 1, thus w; =
r111129...12 41 _11r1. The other cases easily reduce to this case. After one s-round on wy 1" produces
either one of the following words:

le == [T1/2]w1[151/2]w1[m'g/Q]wl...[ab#l_g/Q]wl[:'L"#l_l/Z][tl/Q]
B, = k1 1wiki 2

Note that there are #1 — 1 words w; in ffl. The word él reduces to w; since the sequence of 0
symbols k11 and k1 2 will become bounded after a finite number of s-rounds (Lemma 4). This allows
for periodicity.

The parity of the length of each of the sequences ¢1 [%;/2]r; in Ajisa determining feature in the ultimate
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behavior of T Indeed, if there is at least one i such that the sequence of 0 symbols t; [2;/2]r; in A is
odd and the word w; preceding it is entered with shift 0, the word w; following it will be entered with
shift 1 and conversely. If there is no such sequence then all words w; will be entered with the same shift.
Now, if there is an 4 such that the sequences of 0 symbols ¢1 [4;/2]r; in ffl has odd length then it follows
that 7" always has unbounded growth on any initial word that produces a word that contains at least one
word /Tl. The reason for this is that the two possible words 62 and 52 that can then be produced after
one s-round on ffl again contain at least one word ffl and one word él. Indeed, the fact that there
is at least one sequence of 0 symbols ¢1[;/2]r; in A that has odd length implies that if the word w;
preceding [#;/2] results in A1 then the word w; following it will result in 31 and vice versa. We then
have that words C’g and Dg again result i in the productlon of at least one word Cg or Dg (from A1 in CQ
and Dz) and at least one word w; (from B1 in Cg and Dz) Thus, once either 02 or D2 are produced the
word produced with each successive s-round on Cg or Dg always contains at least one word Cg or D2
and at least one additional w; as compared to the word from the previous s-round. This gives unbounded
growth.

If there is no sequence of 0 symbols 1 [4;/2]r; in A that has odd length, then T" produces either one of
the following words after one s-round on A

Ay = [r1/4) Ay (21 J4) AL [0 /4] . . . A [igr o/ 4] AL [F g1 _1/4][t1/4]

By = [r1/4]Bi[21/4]B1[22/4] . .. Bildgo/4| Buldg11/4[t1/4]

Again, if Ay contains at least one sequence of 0 symbols ¢; [Zy1-1/2)[t1/2][2:/4][r1/2]r1,0 < i <
#1 — 1 that has odd length then it easily follows that I" always has unbounded growth on any word Ag
that results in the production of a word that contains A, at least once. The reason is that the two p0551ble
words 03 and D3 that can be produced after one s-round on A2 each contain at least one word Ag and
one word Bg Thus, the word produced with each new s-round on one of the words C’3 or D3 must
again contain at least one word C’3 or D3 and at least one additional word Bg. This results in unbounded
growth.
Similarly, if there is at least one sequence of 0 symbols t1k; 2[#;/4]k1 171 in B with odd length, then T’
always has unbounded growth on any word Ay that results in the production of a word that contains A,
at least once for similar reasons. Note that 52 is similar to /_1'1. Le., 52 also contains #1 — 1 words w;.
This allows for periodicity in the same way as the production of B does. The only difference between
A and B, is the number of 0 symbols separating consecutive words w; in B, In this sense the possible
productions from this word reduce to that of the word /_fl and we will thus not consider these productions
here.
In general we have two possibilities. In the first possibility there is an n such that one of the words A,
or én given below exists. In the second possibility there exist no such words ffn or En. The word ffn
has the following form:

Ay = [r1/2" A1 a1 /2" Aot [0 /2" An o1 [ 1 -0/ 27 A1 [0 -1 /27 [t /27

where A,, contains the following odd length subword consisting entirely of O symbols:
t1[Fp11/2][t1 /2] [Fp1—1/2" Y[t /2" Y2 /2"][r1 /2" e or1 /21,0 <6 < 1 — 1

B, has the following form:

By, = [r1/2"Bp_1[a1/2") Bn_1[22/2"| B 1 [E-41—2/2" B [F61-1 /2" [t1 /2]
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where B, contains the following subword consisting entirely of 0 symbols of odd length:
trk 2@ 11 /At /4] a1 /20 /20 [ /2 [ 27 e 4R

It easily follows from Lemma 4 that one can decide in a finite number of steps whether or not there exists
such an n. Now, if there is such an n then 7" has unbounded growth on any word A that results in
the production of a word that contains ffn or ﬁn at least once, else T halts or becomes periodic on Ag.
Clearly, it can be decided in a finite number of rounds j whether or not 7" will produce a word Q); that
contains ffn or Bn The reason for this is that it follows from Lemma 4 that there is an m € N such that
for any word /Ym+i and §m+i, 7 € N the length of any sequence of 0 symbols between two consecutive
1 symbols is bounded by some constant and it must be the case that n < m. One thus only has to wait at
most m + 1 rounds on Ay to see whether or not T will produce these words.

If there is no such n then we again have that 7" will either halt, become periodic or have unbounded
growth on Ag. Also here it can be decided in a finite number of rounds of T on Ay whether or not T" will
have unbounded growth on Ag for similar reasons.

Case II1.D.2. w1 = Tlli‘lligl...li#l_lltl (#1 > 3, wo = O)
For any tag system 7' covered by this case, all 1 symbols in w; are separated by an odd number of 0
symbols. As a consequence, either zero or #1 1 symbols are read during one s-round on w;. After one
s-round on wj 7' thus produces either a sequence of 0 symbols which ultimately results in the production
of € or the word: .

A = [7“1/2}11}1[:L:l/Q]wl[.fg/?]wl...[i’#l,l/Q]wl[tl/Q]

Note that the word ffl contains #1 words w1.

Now, if there is at least one sequence of 0 symbols ¢; [2; /2]r; that has even length then the case reduces
to the previous Case III.D.1. Le., for tag systems covered by Case III.D.1., either at least one word w;
or at least two words w; are produced after one s-round on w;. Similarly, for any tag system 7T if the
word A1 produced after one s-round on w; contains at least one sequence of 0 symbols ¢; [2;/ 2]7“1 that
18 even, either at least one word A1 or at least two words A1 are produced after one s-round on A1 The
ultimate behavior of 7" then depends on the evolution of the parity of the number of 0 symbols separating
consecutive words w; in the words produced from /Tl. Note that for any initial word Ay, if after two
rounds of 7" on Ag T" does not produce a word ()5 that contains ffl at least once, then ()7 is a sequence
of 0 symbols and thus 7" will halt on Ay. Otherwise, T" will either become periodic or have unbounded
growth on Ay. If there is no sequence of 0 symbols 7y [2;/2]t; of even length in Ay T either produces a
sequence of 0 symbols or:

Ay = [r1 /4 Ay [21 /4) AL [d0 /A Ay [d g1 1 /4] A4 [t /4]

Again, if there is at least one sequence of 0 symbols t[t1/2][#;/4][r1/2]r1 of even length then the case
reduces to Case II1.D.1. If this occurs and after three rounds of 7" on Ay 7" does not produce a word Q3
that contains [fg at least once, then Q3 is a sequence of 0 symbols and thus 7" will halt on Ag. Otherwise,
T will either become periodic or have unbounded growth on Ay.

As is clear from these productions either there is or is no n such that after n s-rounds of 7" on Ay T'
produces the word:

Ay = [r1/2" An 1 [21 /2" An 1[0/ 2 A1 [ 1 /27 A [t1/27)]



L. De Mol/Solvability of the halting and reachability problem for binary 2-tag systems 35

and A, contains at least one sequence of 0 symbols ¢1[t1/2]...[ty /2"~ Y[&;/2"][r1 /2" Y]...[r1/2]r1 that
has even length. Note that T" either always produces a word A} or a sequence of O symbols after 7 s-
rounds on wi, with j < n if there is such an n and 5 € N if there is no such n.

Clearly, if there is such an n then the case reduces to Case II1.D.1. It then follows that given some initial
word Ay, if after n + 1 rounds of T" on Ay T" does not produce a word ), 11 that contains ffn at least
once, then @, 11 is a sequence of 0 symbols and thus 7" will halt on Ag. Otherwise, T" will either become
periodic or have unbounded growth on Ag. If there is no such n then the behavior of 7" reduces to those
subcases of Case III.C.2 for which there is no n such that the rightmost and leftmost 1 in the words Apq
in A, are separated by an even number of 0 symbols. L.e., T" will either halt or have unbounded growth
on any initial word Ag and this can be decided in a finite number of steps.

Given the proofs of Cases I-III Theorem 1 follows

3. Discussion

It might be very hard, if not impossible, to prove the solvability of those classes of tag systems that are
closest to TS(2, 2), i.e., TS(2,3) and TS(3,2). The class TS(2,3) contains the example provided by Post,
which is known for its complexity. The class TS(3,2) contains a tag system that is capable to simulate
the 3n + 1 problem, a number theoretical problem that is still open [10]. As far as our experience goes,
it seems that the methods used in the present proof cannot be used to prove these classes decidable.
For example, consider the application of the table method to Post’s example from Sec. 1.1. Still, the
table method is a very useful and simple tool to study and prove certain properties of tag systems. This
method can also be automated and thus used in computer-based research on tag systems. It also allows us
to reveal the structure of the kind of words that can be produced by a given tag system T'. As is clear from
the proof of Theorem 1, the different kinds of structures found for tag systems from the class TS(2,2),
with ;i < v, lmaee > v is very simple and predictable. It is exactly this simplicity of the structure of
the words that can be produced by tag systems 7' from this class that allows us to decide the two decision
problem discussed here.

In recent years there has been a lot of research on non-standard models of computability. One example
comes from the context of Turing machines, where the standard model was generalized by allowing an
infinitely repeated word to the left and right of the input (weak Turing machines) and left or right of the
input (semi-weak Turing machines). This generalization has made it possible to find smaller universal
Turing machines than those known for the standard model (see e.g. [4, 22]). It would be interesting to
extend this research to tag systems. One could, for example, consider (universal) tag systems that cannot
halt, but always have unbounded growth. Let us call such (universal) tag systems weak (universal) tag
systems.* However, even if one considers such more general models, the simplicity of the structure of
the words that can be produced by any tag system in the class TS(2,2), with l,;, < v, ljpaz > v, Seems

“Note that it is impossible to directly apply weak or semi-weak universality as defined for cellular automata and Turing machines
to tag systems, because one always has to tag something at the end of a word, on the basis of what happens at the beginning of
a word. One round on a word A would then take infinite time.
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to exclude the possibility of universal encoding for any of these tag systems.> In this sense, the proof of
Theorem 1 gives strong support for the following conjecture:

Conjecture 1. The class of tag systems TS(2,2), lynin < U, linaz > v is not (weak) universal.

Given Wang’s theorem (Sec. 1.1) we only had to consider tag systems with l,,,;, < v, l;nqe > v to prove
Theorem 1 and thus we did not study the more general class, including those cases for which I,,,;, > v.°
A more intensive analysis would be needed to know whether the following statement is true or false:

Statement 1. There exists no unsolvable decision problem for tag systems from the class TS(2,2).

If false, this could imply that there is weak universality in the class TS(2,2).
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