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Abstract

In this work, we shall propose a new micro-mechanical constitutive model for the estimation of
effective elastic-plastic behaviors of heterogeneous rocks. A bi-potential based incremental varia-
tional (BIV) approach is developed in order to take into account non-uniform local strain fields of
constituents. The studied materials are composed of a non-associated and pressure sensitive plastic
matrix, elastic inclusions and/or voids. For clarity, the local behavior of matrix is first described by an
elastic perfectly-plastic model. Based on the bi-potential theory to dealing with non-associated plastic
flow, the solid matrix is considered as pertaining to implicit standard materials (ISMs). The effective
incremental bi-potential and macroscopic stress tensor are then estimated through an extension of the
incremental variational method initially established for generalized standard materials(GSMs). The
accuracy of the BIV model is verified by comparing the model’s predictions with the reference results
obtained from direct finite element simulations. Furthermore, by assuming that the general formula-
tion obtained for the perfectly plastic matrix remains valid for each loading increment, the BIV model
is extended to considering that the solid matrix exhibits an isotropic hardening by using an explicit
algorithm. The accuracy of the extended BIV model is also validated by a series of comparisons with
the reference solutions obtained by direct finite element simulations for both inclusion-reinforced
composites and porous materials. Both local and macroscopic responses are compared. As an exam-
ple of application, the extended BIV model is finally applied to estimating the mechanical responses
of typical claystone and sandstone under different loading paths.
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1. Introduction

Rocks are usually regarded as typical composites, which are used in a very wide range of engineer-
ing constructions. These materials contain different kinds of heterogeneities at different scales. Pores
and inclusions are two main families of heterogeneities. Furthermore, these materials are composed
of several mineral phases of different properties. The mineral compositions may significantly vary
in space, for instance with geological depth. Laboratory studies have shown that the macroscopic
physical and mechanical properties of these materials are affected by heterogeneities and mineral
compositions. So far, different kinds of macroscopic models, mainly elastic-plastic and damage mod-
els have been developed. Directly fitted from laboratory tests, these models are able to correctly
reproduce the main features of mechanical behaviors of those materials. However, they are not able
to properly consider the effect of heterogeneities and mineralogical compositions on the macroscopic
mechanical responses.

Based on linear homogenization techniques, micro-mechanical models have first been established
during the last decades for modeling induced damage in brittle rocks (Zhu et al., 2008, 2016, Zhao
et al., 2018, Zhang et al., 2019). Important advances have also been obtained on micro-mechanical
modeling of plastic deformation in ductile and porous rocks by using nonlinear homogenization meth-
ods. For instance, clayey rocks have been characterized as composites constituted of a plastic clay
matrix in which calcite and quartz grains are embedded (Guéry et al., 2008, Jiang et al., 2009). In
some multi-scale models, the microstructure of clayey rocks has further been enriched by consider-
ing the clay matrix as a porous material at the microscopic scale (Shen et al., 2012). The effective
inelastic behavior of the porous clay matrix has been estimated by using the Hill incremental method
(Hill, 1965). As for metallic composite materials, it was found that the use of the original Hill’s incre-
mental method produced too stiff mechanical behaviors (Suquet, 1996, Chaboche et al., 2005). The
main reason is the fact that uniform local strain fields are assumed in constituents of composites in the
Hill’s method. In order to improve the numerical performance of this method, artificial techniques,
such as isotropization of tangent elastic-plastic stiffness tensor, have been proposed. This correction
technique has also been applied to clayey rocks (Guéry et al., 2008, Jiang and Shao, 2009, Shen et al.,
2012). However, all those correction techniques are generally not based on any physical background.

Meanwhile, advanced nonlinear homogenization techniques have been developed for composite
materials considering non-uniform local fields in constituent phases (Castafieda, 1991, 1992, 2002,
Lahellec and Suquet, 2007a,b, 2013, Boudet et al., 2016, Brassart et al., 2011, 2012, Danas and

Castafieda, 2012), just to mention some representative ones. In particular, variational principles based
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on the use of a “linear comparison composite (LCC)” were proposed for the mean field homoge-
nization method of nonlinear elastic composites (Castaiieda, 1991, 1992, 2002), and used to generate
improved bounds and more generate estimates for the nonlinear elastic-plastic composites (Castafieda
and Suquet, 1997, Danas and Castafieda, 2012). By extending these previous works, a new incremen-
tal variational method has been established (Lahellec and Suquet, 2007a,b) for modeling effective
nonlinear properties of viscoelastic composites without local threshold or hardening. In this new
method, equivalent interval variables (EIV) are introduced to capture the non-uniform local plastic
strain fields. Further, the same authors have proposed a rate variational model (RVP) by considering
a non-uniform field of plastic strain rate (Lahellec and Suquet, 2013). More recently, the EIV method
has been extended to modeling elastic-(visco)plastic composites with local threshold and isotropic
and/or linear kinematic hardening (Boudet et al., 2016). On the other hand, based on the variational
principle established in Ortiz and Stainier (1999), alternative incremental variational models have
been proposed in Brassart et al. (2011, 2012) for studying elastic-(visco)plastic composites with lo-
cal isotropic hardening. The EIV method has further been extended to the description of geological
materials with a pressure-dependent Drucker-Prager plastic matrix (Zhao et al., 2019). However, all
these previous models have been developed in the scope of Generalized Standard Materials (GSMs)
(Halphen and Nguyen, 1975) with an associated plastic flow rule.

Extensive experimental results have clearly shown that for most rocks, a non-associated plastic
flow rule is required for correctly modeling the coupling between shear and volumetric strains. These
materials cannot be considered as Generalized Standard Materials. As a first approximation, the
microstructure of these materials at a selected relevant length scale, for instance micrometer, can be
characterized by the representative unit cell shown in Figure 1. Several sets of elastic inclusions
(mineral grains in rocks) are embedded in a plastic matrix (clay matrix in clayey rocks). The local
behavior of the matrix is generally described by a non-associated and pressure sensitive plastic model.
The incremental variational methods developed for the GSMs cannot be directly used to estimate the
effective mechanical behaviors of rocks.

In order to generalize the incremental variational principles to heterogeneous rocks, the idea here
is first to transform these non-GSMs into a class of implicit standard materials (ISMs). This is done
with the help of the bi-potential theory initially developed for macroscopic elastic and plastic behav-
iors of non-GSMs (De Saxcé and Feng, 1991, De Saxcé and Bousshine, 1998, De Saxcé, 1995). This
theory has been successfully used for modeling soils and rock-like materials with non-associated plas-

tic models (Bodovillé and De Saxcé, 2001, Bodovillé, 2001, Hjiaj et al., 2003, Berga, 2012). More-
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Figure 1: Representative volume element (RVE) of heterogeneous rocks at a selected length scale

over, the bi-potential theory is naturally suitable for developing a variational approach of constitutive
modeling.

With the help of the bi-potential theory, the aim of this work is to develop a new incremental
variational method for estimating the effective elastic-plastic behavior of heterogeneous rocks com-
posed of a non-associated and pressure sensitive plastic matrix. This is based on the construction of
an incremental elastic-plastic bi-potential for ISMs by using an implicit time-discretization scheme.

On the other hand, ductile and porous heterogeneous rocks generally exhibit plastic hardening.
For instance, in the case of an isotropic hardening, the internal friction or cohesion can evolve during
plastic deformation. In the case of heterogeneous rocks idealized in Figure 1, plastic hardening oc-
curs in the plastic matrix. This mechanism should be taken into account. However, the formulation
of an incremental variational model for materials with a pressure-sensitive plastic matrix with plastic
hardening may becomes mathematically very complex. By taking the incremental nature of the ap-
proach, a simplified explicit method is proposed in this paper. The new bi-potential base incremental
variational model (BIV) is first developed by considering a perfectly plastic matrix. Then at the end
of each loading increment, the plastic properties are updated but frozen for next loading increment.
The plastic matrix is then considered as a material without hardening during the current increment.

The proposed new BIV model is validated by comparing model’s predictions and numerical results
issued from direct finite element simulations for both perfectly plastic and plastic with hardening
cases. Finally, the new BIV model is applied to estimating the effective mechanical responses of
typical claystone and porous sandstone in various loading paths.

Throughout this paper, the following notions of tensorial products of any second order tensors A
and B will be used: (A ® B);jy, = A;jBuy and A : B = A;;B;;. Fourth order tensors are denoted by
blackboard bold characters, and one can define (C : B);; = C;jiBy. The symbol ||A|| = VA:Ais
used to denote the norm of any second order tensor A. With the second order identity tensor 8, usually

used fourth order isotropic identity tensor I and fourth order hydrostatic projects J are expressed in
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the components form as ;i = %(6”{5‘,1 + 5,-,6.,-,{) and J;jy = %51-.,-6,(,, respectively. The fourth order
deviatoric projects K = I — J is then obtained. Moreover, the fourth-order tensors J and K have the
properties: J : J=J, K: K=K, J: K=K :J =0.

2. Bi-potential theory for non-associated plastic flow rule

2.1. Generalized standard materials (GSM)

A large class of solid materials can be described by using a generalized framework based on
the existence of two convex potentials conjugating one to the other V(&) and W(o) satisfying the

Fenchel’s inequality (Fenchel, 1949)
V(o,&) W)+ V(é) >0 :é& (D)

where o is the Cauchy stress tensor and & is the strain rate tensor. A pair of (o, &) is said to be

extremal if the equality is achieved, that is:
W)+ V(E) =0 :é& )
Then, any extremal pair is characterized by the following relations:

Yo' W(o') - W(o)

\%

(o'-0): & (3a)

Ve V(&) - V(&)

\%

o:(E -8 (3b)
Therefore, o~ and & are expressed by the sub-differential mappings
o .. . oW
o=—(&), é=—1(0) “4)
0é oo

These relations constitute the normality rule. Different kinds of constitutive equations, such as plastic
laws, visco-plastic law and plastic hardening laws can generally and conveniently be constructed with
Eq.(4). The class of materials governed by the two convex potentials are called generalized standard

materials (GSMs) (Halphen and Nguyen, 1975).

2.2. Implicit standard material

However, the mechanical behavior of a large number of materials cannot be integrated within the
above framework. For example, for most heterogeneous rocks, one of the constituent phase exhibits
a plastic or viscoplastic behavior which is generally described by a non-associated flow rule. The

normality rule is then not verified. Conventional approaches for modeling the non-associated plastic

5



111

112

113

114

115

116

117

118

119

120

121

122

123

124

125

126

127

128

129

131

132

deformation are based on the choice of two independent functions of stress tensor, the plastic yield
function to determine yield locus and the plastic potential function giving the plastic strain evolution
law. However, this type of approaches loses the good property of convexity (De Saxcé, 1995, Berga,
2012). The bi-potential theory proposed by De Saxcé and Feng (1991) provides a convenient math-
ematical frame for dealing with non-associated plastic materials. It allows keeping the key-concept
of normality and convexity. This theory generalizes the Fenchel’s inequality to materials and systems
with non-standard behaviour. To find the concept of normal dissipation, the constitutive laws are for-
mulated under an implicit form. For the sake of clarity, the basic notion of implicit standard materials
(ISMs) is here recalled (De Saxcé and Feng, 1991).

For describing the behaviour of ISMs, a bi-potential b(o, &) is first introduced. It is a scalar-
valued function, convex with respect to o when & keeps constant, and convex with respect to & when

o remains constant. The bi-potential function should also verify the following inequality
Y(o,8) blo,é&) >0 :¢& 5

If and only if the pair (o, &) is obtained at the extreme value, implying that (o, &) satisfies the consti-

tutive relation of the material, one has
b(o,&) =0 : & (6)
Then, any extremal pair is characterized by the following relations:

Yo' b(o’,&)—b(o,&) > (0'-0):¢& (7a)

V& b(o,&)-b(o,&) > o:(&-¢&) (7b)

Accordingly, o and & are related by the subnormality laws

ob 0ysb
o=—(0,8), &= —(0,8) (8)
o0& oo

These relations provide a multi-valued constitutive relationship between o and &, which is now im-
plicit in the sense of the implicit function theorem. It is noted that GSMs can be considered as

particular cases of ISMs with separable bi-potentials:
b(o,&) =W(o)+ V(e 9)

2.3. Incremental elastic-plastic bi-potential

We consider now the local elastic-plastic behavior of the solid matrix in heterogeneous rocks. For

the sake of clarity, the behavior of matrix is described by an elastic perfectly plastic non-associated
6
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model. Under the assumption of isothermal conditions and small strains, the total strain tensor & is

decomposed into an elastic part £° and a plastic one &”

e=¢&+ & (10)

In view of applying the incremental variational method to determining the effective mechanical be-
havior of heterogeneous rocks, it is needed to derive an incremental elastic-plastic bi-potential for
the plastic matrix. To this end, the general forms of the elastic and plastic bi-potentials are first sep-
arately formulated. Then the incremental elastic-plastic bi-potential is established by using a time-

discretization scheme.

2.3.1. Elastic bi-potential

In the elastic regime, the bi-potential conforms to the characteristics of GSMs. Moreover, the
elastic laws can be derived from the strain energy density function V( & — &”) and the complementary
energy density function W(o). Therefore, the elastic bi-potential b, is a separate function with the
following expression

b.(g, g, o) =V(e— &)+ W(o) (11)
which satisfies the implicit standard laws

ob,
de

o=—"(g &, 0) = _ b (g, €', o) and &g = Zbe(g, g, o)+ & (12)

oer o
2.3.2. Plastic bi-potential

Under the plastic state, the non-associated plastic model falls into the category of ISMs. By virtue

of (5) the plastic bi-potential function is first defined by the condition:
V(o,&") by(o,€) >0 : &P (13)
Similarly, if and only if the pair (o, &) reaches the extreme value, one gets:
b,(o,€P) =0 : &P (14)
Then o and &7 are related by subnormality laws:

o= —L(o,&r), &= %(0' £P) (15)
ogr- 7 oo’
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2.3.3. Incremental elastic-plastic bi-potential
Combining Egs. (12) and (15), the constitutive relations of the plastic phase under consideration

can be expressed as a system of two coupled equations, one of them being a differential equation in

time:
ob,
o=—(5¢"0) (16a)
oe
ob, ob, )
Ser (&,&,0) + 2% (o, & =0 (16b)

Based on the previous work by Ortiz and Stainier (1999), the time derivative &” is approximated by

a difference quotient after the use of an implicit Eular-Scheme. The whole time period (whole loading

history) of study [0, 7] is accordingly divided into the time steps (loading steps) ty = 0, 1, ..., Ly, Lyt 1y coor In =

T. The time increment between ¢, and ¢,,; (loading increment) is denoted by A¢. For the sake of sim-
plifying the notations, its dependence on » is omitted. By using this time-discretization scheme, the

system of differential equations (16) is transformed to the following discretized system:

ob, ob, ob,, &

- &l
n+1 n
Onsl = _6 o (8n+1’ 85+1’ 0'n+1) ) _08[’ (8n+1’ 8§+1’0-n+1) + &P (O-n+1’ —+Al‘ ) =0 (17)

The values of local fields at time #,. (€,+1,€&".,,0,+1) are unknown, while their values at time ¢,

n+1°

(&,, €;, 0,) are assumed to be all known. We introduce here the following incremental bi-potential J,

a scalar-valued function of variables &, €”and o :

(18)

—r
J(e,€",0) =b.(g,&",0)+ Ath, (0’, & A7 ")

Again, for the sake of abbreviation, the subscripts n + 1 are omitted. Notice that the second relation
in (17) is the Euler-Lagrange equation of the variational problem for the minimization of incremental

bi-potential with respect to &”. This leads to the following condensed incremental bi-potential:
(e, 0) = inpf J(g,0,8") (19)

After that, the local stress field o~ can be derived from this sole bi-potential
0
o= (g,0) (20)
de

3. Bi-potential based incremental variational method for homogenization of heterogeneous rocks

In this section, a bi-potential theory based incremental variational method (BIV) is developed for
the estimation of effective elastic-plastic behavior of heterogenous rocks in the framework of implicit

standard materials (ISMs) and with the help of the bi-potential theory defined above.
8
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3.1. Representative Volume Element (RVE) and constituents properties

As already shown in Figure 1, the Representative Volume Element (RVE) of rocks at the selected
length scale (micrometer) is composed of an isotropic elastic-plastic solid matrix in which elastic in-
clusions (mineral grains) or pores are randomly embedded. The RVE occupies the domain Q0 c R"é»
(ngim = 1,2,3) with the external boundary Q c R™n~! The solid matrix occupies the sub-domain
Q" c R™im  The elastic property of the matrix is characterized by the elastic stiffness tensor C™
and the plastic behavior is described by a non-associated plastic model with Drucker-Prager yield
criterion. The r" phase of inclusions occupies the sub-domain Q" ¢ R™im r = 1,...,N, and is char-
acterized by the elastic stiffness tensor C*". The phase of pores is here treated as a special inclusion
phase with a vanished elastic stiffness.

For the convenience of the subsequent formulation, the total volume of the RVE is denoted as Vg,
the volume of matrix as Vg, and the volume occupied by the 7 inclusion phase as Vgr. Accordingly,
the volume fractions of the constituents are given by:

VQm X fi”’ _ VQi,r

f:VQ’ _VQ’

r=1,..,N; 2D

Further, the operator (-) denotes a volume average over the whole RVE, (:),, is a volume average over

the matrix, and (-); . is a volume average over the 7" inclusion phase. That is

1 m L,V
0= | Oava=r0, +Zf o @2)
with
1 1
= OVasi Oy = [ Odvar 3)
@ Jvgn o Jvy,

3.1.1. Incremental bi-potential of the elastic and non-associated Drucker-Prager perfectly plastic
matrix
By assuming that the elastic behaviour is independent of irreversible process, the elastic bi-

potential b)'(g, €7, 0r) at any point x € Q™ is written as:
1 1
bZ’(s,s”,a’):5(8—8”):(Cm:(a—s”)+§0':S’”:a' (24)

where the isotropic elastic stiffness tensor is expressed as C” = 3k™J + 2u"K, with k™ and ™ being
the bulk modulus and shear modulus of the matrix respectively. S” = [C™]™! is the elastic compliance
tensor.

The Drucker-Prager plastic yield function is illustrated in Figure 2 and is written as:

F(O) =0y + 3k (0, —) <0 (25)
9



103 where o,y = 4 /%s : § is the equivalent stress (with s = o : K), and 0, = %0’ : 6 the mean stress. The
194 parameter ¢ and « respectively represent the hydrostatic tensile strength and friction coefficient. It is

195 noted that « is related to the friction angle ¢ as follows:

tan ¢ = 3« (26)

Teq g Qreq
E

Regular p()int SR " 'H(ép) _ Xd(’q - B <0
-
P €
U]",
F(o) = 0e+ 36 (0m —c) <0 Point at apex 3

W)

Figure 2: Drucker-Prager yield surface and non-associated plastic flow rule

196 The non-associated plastic flow rule is defined by the following plastic potential:
G(O) = 0y + 3x0n (27
197 where y denotes the plastic dilatancy coefficient, which depends on the dilatancy angle y:
tany = 3y (28)

198 Further, for any stress state located on the regular part of the yield surface, it is assumed that the
199 plastic dilatancy coefficient y is equal or less than the friction coefficient, i.e., y < « (Hjiaj et al.,
200 2003). The corresponding rate form of plastic strain &” is defined by the non-associated flow rule:

96 _ i (éi +)(6) (29)

& == =
Yoo =7 20

201 where y” is a non-negative internal variable acting as the plastic multiplier. For convenience, the

202 plastic strain tensor is decomposed into a spherical part and a deviatoric part:

1
8”:0'+B,a':8”:K,B:sP:J:§tr8p6:,86 30)

10
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One thus obtains:

/2 o1
VP = gc'y;d':a/eq, a=K:§&", ,8=§tré:1’:)(deq (31)

Again for convenience we introduce

H(E") = xieqg =B (32)

Considering now a stress state at the apex point (o, = 0,0, = ¢) of the Drucker-Prager yield
surface, ¥ (o) is not differentiable, and the plastic strain rate tensor is not unique. In this case, one
gets H (&) < 0 (see Figure 2). It is obviously noticed from Eq. (31) that H(&”) = 0O for the points
on the regular part of the yield surface. Therefore, the plastic flow rule (29) is completed by the

admissibility condition of the plastic strain rate for all the cases
H(E) <0 (33)

According to Hjiaj et al. (2003), the plastic bi-potential for the non-associated Drucker-Prager

plastic flow without strain hardening takes the following form:
3¢B+3(x —K) (0w —C) &y if F(0)<0 and H(E) <0
b (0, 87) = (34)
+00 otherwise
The proof that the function (34) is a bi-potential has been given in Hjiaj et al. (2003).1t is noted that

the above express is defined for the regular stress points. In this case, the function (34) can be further

rewritten as

[30m (x — &) + 3ck|d,y = oyte, if F(o)<0and H(EP) =0
B (0,87) = b (0, ) = 7 (35)

+00 otherwise

Remark 1. The second part of the first line in the right hand side of Eq. (35) contains a mixed term of
stress and plastic strain rate. When y = «, the mixed term disappears and the bi-potential b} (o, &)
reduces to the plastic dissipation potential ¢" (&) for GSMs.

3¢k, 1 <0and H(EP) =0
b;’(()',d’)chm @) = ck@y if f(0) <0an (&") 36)

+00 otherwise

Inserting the elastic bi-potential (24) and plastic bi-potential(35) into Eq.(19), one finally obtains

the local incremental bi-potential 7y of the elastic non-associated perfectly plastic matrix:

P — gl
iy (&,0) = ir}7f J"(g,0,8") = 1r}f b)(g,&",0) + Atb)) (0', & A u )) 37

11
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3.1.2. Behavior of elastic inclusion

At any point inside the 7" linear elastic inclusion phase, i.e., x € Q"", the elastic bi-potential b5"
is the convex function of local strain field & and stress field o. Accordingly, the local incremental
bi-potential ﬂiA’r of the r" elastic inclusion phase is expressed as:

, . 1 . 1 .
7 = b (e,0) = 76:C et s0:S 0 (38)

3.2. Effective behavior of heterogeneous rocks

We consider that the RVE of heterogeneous rocks is subjected to a macroscopic strain & (¢), and
for definiteness, to the periodic kinematic boundary conditions on its boundary dQ at time step ¢, ;.
Due to the time-discretization scheme adopted, the local problem to be solved is formulated as fol-

lows:

divo,.;1 =0

Onel = % (8n+1’ O-n+1) for ()—C’ t) €Qx [0’ T] (39)

(e(®) =€(t)+ BC onoQ

The condensed incremental bi-potential (g, &, 0') in the RVE is here defined as:

my ifxe Q"

TTA = (40)

i x € QF

Finally, the macroscopic stress 0 can be derived from the effective incremental bi-potential of the
RVE:

_ oy _
Fet = a—_A (Brats Opa1) (41)
&

The effective incremental bi-potential I, is here determined by using the variational principle:

N
My Bt Fp) = inf (ma) = inf [f’" (inf 7" @, 67,00) + 3 Fr(pr @), | @2
(e)=& z &P m ir

£)=En+1 (€)=8n+1 pr

The effective incremental bi-potential of the RVE is not only related to the macroscopic strain &,
but also to the average value of local stress filed o~ on the RVE. With this single effective bi-potential
in hand, according to Eq. (41), the macroscopic stress is the conjugated force associated with the
macroscopic strain, which is consistent with the classical thermodynamic framework. Moreover, the

macroscopic stress defined here also coincides with the volumetric average of the local stress field
12
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over the RVE. Accordingly, the problem of computing the overall response of the heterogeneous
materials comes to solving the variational problem (42) at each time step, which itself involves a local
optimization problem (37) with respect to the internal variables (plastic strain) &” at every position
x € Q" Instead of searching a computationally-costly full-field numerical solution, an approximated
solutions is found in Section 4 by using the variational procedure initially proposed in Lahellec and

Suquet (2007b) for GSMs.

4. Optimization of the effective incremental bi-potential

The main steps for the estimation of the effective incremental bi-potential through a variational

procedure are presented in this section.

4.1. Approximation of local incremental bi-potential of the elastic perfectly-plastic matrix

The first step is to approximate the local incremental bi-potential J™ given in (37). It is noticed that
the elastic bi-potential given in (24) includes the plastic volumetric strain . For ease of calculation
and taking advantage of the main results obtained in Lahellec and Suquet (2007b), the elastic bi-

potential (24) is approximated and the plastic bi-potential (35) is linearized as follows.

e Approximation of local elastic bi-potential b.(&, €”, o) (see detailed process in Appendix A)

1 1 p— p—
bl (e, &",0) ~ biPP (g, @) = 50" S":o+—= (8 —a—{(B,),, —a— a,,)(6) :C" (8 —a—{B,),, —a— a,x0

2
(43)
e For the plastic bi-potential b” (o, &) here we use the same variational linearization procedure
and take the same quadratic form as those used in Lahellec and Suquet (2007b) and Boudet et al.
(2016), i.e. Z_(; (@ —@,) : (@ — @,). In this expression, the scalar variable 7, and second-order

tensor &, are uniform in the elastic-plastic matrix.

With the above simplifications in hand, the local incremental bi-potential J” in (37) can be ap-

proximated as

J"(g,&",0) = Ji (g,a) + AJ" (0, )

Jg’(s,a):%(s—a—(ﬂn>m— a—an)(é):(Cm:(s—a—(ﬂn)m— a—an)(6)+1—i(a—€yn):(a—

A" (0, @) =30 :S" 10+ 0y (@ — W)y — (@ — &,) : (@ — &)

(44)
where Ji' is the linearized local incremental potential in the matrix phase.
13
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4.2. Estimation of the effective incremental bi-potential T1, (g, 7,,)

The effective incremental bi-potential of the RVE is determined by calculating the volumetric

average of the two terms of the local incremental bi-potential given in Eq. (44):
N
My (& 0) = inf [ ik <inf (J7 (&, @) + AJ" (0, a))> + 1 (b (8, 0)). (45)
£)=E @ m p Lr

The secant function 7, (c’veq, 0') of the matrix phase is defined as (Lahellec and Suquet, 2007b):

Mot (egr ) = (46)

and Eq. (45) satisfies

3 3,5) < inf. { o [<inf (e, a)> n <supAJm (o, a)>

N
+ P (B (8,0)) } (47)
r=1

Note that the local optimization problem in Eq. (47) is solved with respect to the internal variable &
only instead of the set of variables (@, ) as defined in Eq.(37) at every point x C €,,. This largely de-
duces the complexity of the local optimization problem. The estimate (47) of the effective bi-potential
[15 (&, 0) with the non-associated perfectly plastic matrix has the similar form as that pertained to
nonlinear viscoelastic composites without hardening studied in Lahellec and Suquet (2007b).
According to previous studies (Castafieda and Willis, 1999, Castafieda, 2002, Lahellec and Suquet,
2007b), sharper estimates of Il, (€, 0°) can be obtained by requiring only the stationarity of AJ™
instead of its supremum with respect to @. Therefore, one gets:
N
1 3,5) ~ inf. { I [<i1;f I (e, a/)>m ; <st51tAJ’” (o, a')>m] ; Z; £ (b (e, 0')>i’r} (48)
It is worth noticing that the difference function in the increment potential AJ™ is generally non-
quadratic. In order to determine the stationarity of AJ™ with respect to @, we rewrite the plastic

bi-potential in the following form:

(@ - a,)}
—q)

b (o, @) = Y(o, (49)

The concavity of Y ensures that (Y (0, a)),, < Y {(0,a)), for any field a(g). One then gets the

following order relation:

_ 1 (@ - a,), Mo 3 .
(AJ" (0, @)),, < <AJ’" (o, a)>m = > (), : S" : (o), +AtY <a', T> _<E (a-a&,) : (o - an)>
" (50)

14
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The stationarity of <Afm (o, a)>m with respect to « yields

(@-a,) | (@-a&,)
A T A

The coefficient 17, is the secant viscosity associated with the plastic material without hardening and

Ny = e (3, (0'),,,) - <Jy:>’", With@ = /2 (@ : &), (52)
3@ 3

It is noticed that (51) can be rewritten in the following form:

2n

61V

given by:

n— 0~n .
=270 ihe =T (53)
1-6 My
With this relation, the last term in (48) can be evaluated and Il (g, 0) can be further estimated as
follows:
IIA (8, 0) ~ Iy (&) + AIT" (0) 54)
with
N
My (&) = inf | /™ <ian’" & a/)> +lz £ (), T - (&), (55a)
0 (8)=F o 0 s m 2 - ir - . ir
m (= m 1 m ]]pg ~ ~ 1 N ir ir
A" (@) = " 5 (0 18" 2 (o), + E@jﬁau—%»«n—%>m+igy"w%ws o),

(55b)
By using the stationarity condition of (54) over @&, and 6, one gets:

gzliJ«%—aam%—amm 56)

(@ -, : (ax—a,)),

~ <a’n>m + ( 0 - 1)<a,>m
&, = 0

It is noticed that in the aforementioned calculations, the sign -’ is adopted in Eq. (56), which corre-

(57)

sponds to solving the problem (47) with an infimum and therefore to a rigorous lower bound for the
effective bi-potential I1,4.
With the help of minimization of Ji' (&, @) with respect to a, one finally obtains (the detailed

calculation is given in Appendix B):

-1
20 20
a = ((C’" + T?K) : [K C" e+ T?&"] =dK : g+ea, (58a)
18 p—
where d = ng“+#, e = ,IQAJ:#. n denotes the uniform total secant viscosity taken at & of the non-
At At

associated plastic matrix without hardening:
= K(Tm)m =€)
n(cv, <¢T>m) = (59)
a
15
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4.3. Estimation of the effective potential 11, () of homogenized material

The last step of formulation is the estimation of the effective potential I1, (£) of the homogenized
equivalent material (HEM) in order to estimate the macroscopic elastic-plastic behavior of the hetero-
geneous rocks. This is based on the choice of a thermoelastic linear comparison composite (LCC).
Substituting the result found in (58a) for the expression of Ji'(e, @) in (44) and making use of Eq.

(53), one defines the local increment potential 7 () of the LCC as follows:
) 1
my (8) = inf Ji'(e, @) = 58 :CY e+ py ey (60)

The tensors C{ and pjJ as well as the scalar coefficient {j are all uniform in the matrix phase and

given by:

Cr = 3k"] + 2urK,  with g = (1 — dy? " + S22

t

o =2[%d e~ 1) - u (1-d)| &, - 3&" ((,Bn>m ; a——anXa) (61)

2
&y = [+ e (e = 7] @ @t 3K (8,0, + 0= anx)

The quantities 6, @, and n are defined in Egs. (56), (57) and (59), respectively. Further, the effective

potential I, (£) defined in Eq. (552a) can be written as

1

HO(E):EE:@:E‘+[):E+Z (62)

The effective tensors C and p as well as the scalar variable / are expressed in Appendix C.
By using the expression of Il () (Eq. (62)) in (55a), the macroscopic stress tensor o of the HEM

as that defined in Eq. (41) can be approximated by the following differentiation procedure:

R, s (N || O i
7= 8.0)= @) = ["(0), + Z] F o, (63)
with
(o), =Cf : (&) + Py (64a)
(), = C"” : (&), (64b)

5. Fluctuations of local fields and computational aspects

5.1. Fluctuations of local fields in matrix

In order to assess the accuracy of the BIV model, not only the macroscopic responses of the

HEM but also the representative fluctuations of local fields should be investigated. In this study, we
16
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shall evaluate the fluctuations of local stress and plastic strain fields in the matrix. The fluctuations
of interest contain the first- and second-order moments of the these fields. Following Idiart and

Castafieda (2007) the quadratic fluctuation of the local stress in the matrix is defined as
IF? = <0- - <0->m>m ® <0- - < 0->m>m = <0- ® O->m - < a->m ® <0->m (65)

where (0),, and (o ® 0),, represent the first and second-order moment of local stress field over the
matrix. (o), can be obtained from the relation (64a). However it is generally difficult to calculate
(o ® 0),,. In order to amend this issue, here we adopt the following expression proposed in (Agoras

et al., 2016):

V= R=As 800 — (50 - (5)m = \/ % (52 - (&2)2) (66)

with 0"2’2) = 4 /% (8),, : (s),, and T= A /% (s : s),, for the evaluation of (s),, and (s : s),,. Together with

Eq. (B.9), one further obtains

T = 3nd (67)

The calculation of the denominator & is given in Section 5.3. One can notice that it is easy to obtain
the fluctuation of local stress field (66) with the help of Egs. (64a) and (67).

Similarly, the fluctuation of the local plastic strain field in the matrix is defined as:
F;np = <8p - <8p>m>m ® < 8p - <8p>m>m = <8p ® 8p>m - < 8p>m ® < 8p>m (68)

where (&”),, and (&” ® &”),, represent the first and second-order moments of local plastic strain field
over the matrix. For the ease of calculation, we provide the result for the standard derivation of the

plastic strain filed in the matrix phase, that is:
m 3 =2 =m 2
Fs K=l @, = @h, @ = 5 (@ - () (69)
with @y = A /% (@),, : (@), and @ = ,/% (@ : @), being the first- and second-order moment of a.

5.2. Computation of the first and second-order moment of «

The calculation of 6, &, and /F7, :: K from Eqs.(56), (57) and (69) needs the determination of

the first- and second-order moment of @ in the plastic matrix. The first moment is given by:
(@),, = (dK : g+ea,),, (70)
Since the quantities d, e and @, are uniform in the matrix phase, one thus obtains

(@), =dK : (g),,+e: &, (71
17
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Similarly, the second-order moment of « is calculated by:
(a:a), =dK:(e®¢), +2ded, : (&), + @, : &, (72)

The first and second terms at the right hand side of Eq. (72) are related to the second- and first-order

moments of € in the matrix phase and can be obtained from Eqs.(C.6) and (C.3), respectively.

5.3. Computation of the second-order moment of &

To calculate n from Eq. (59), the denominator & related to the second-order moment of & should

= 1/—(0 @), At\/ (@-a,): (@—ay), (73)

It is noticed that it is generally difficult to calculate {((@ — @,) : (@ — @,)),, due to the inaccessibility

be first determined by:

S

of the term (a : @,),,. However, thanks to Eq. (57), & can be alternatively calculated by the following

relation when 6 # 1:

Q-1
|

[m]\/ <(an a’n) (a’n an)) (74)

[M] \/ (<a'n a’n> 2((1'”) L@, +a’n . a’n)

where the first- and second-order moments of @ are already determined from (71) and (72) respec-

tively.

6. Implementation and numerical assessment of the BIV model

6.1. Local implementation algorithm of BIV model

The numerical implantation algorithm of the proposed BIV model is now presented. This al-
gorithm is developed as a user-defined subroutine for the determination of mechanical behavior of
a macroscopic material point in a standard computation code. The material point is subjected to a
macroscopic strain increment A& (A& = &At) such that &,,, = &, + A& at 1,,;. The numerical algo-
rithm is here used to calculate the macroscopic stress increment using the proposed BIV model. The

flowchart of the computational procedure is summarized in Algorithm 1:

18
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Algorithm 1: Flowchart of the local implementation algorithm of BIV

Input: &, At, 0, 8, (XY > By » (X = )y Ons 10,
OUtPUt: &n+1’ én+l » <an+1>m ’ <ﬂn+1>m ’ <a,n+1 . a’l’l+1>m’ 6n+1 > it

1 éf’l+1 = (E;n + EAI,
2 Initialize n,,,.; = 1,,, 0411 = 6,
m ir m ir m m
3 Calculate An+l’ An+1’ an+l’ an+1’ C0,n+1’ p0n+1’ )
4 Calculate first order moment of strain field (g, 1>Zml =A" :&+al,,

trial ir .= iy
(61 =AY, 5+ a,. .
5 Elastic prediction: (0,.1)7 = C" : (&) = (@) — {(B,),,)

6 if f({(0,:1)") < 0 then

7 <8n+l>m = <8n+1>zial 5 <8n+1>i,r = <8n+1>lt',rrial <a'n+1>m =0; <ﬂn+1>m =
0;<{@ps1 : @ny1),, =0

8 else

9 (For clarity, the subscript n+1 will be omitted in the for loop)

10 for j =1...my,, do

1 Calculate C7;, o} ;» 5 ; and C, with Egs. (61) and (C.2a)

12 Calculate A", Aiﬁr, a?, aiﬁr (with Eq.(C.7) for two-phases composite).

13 Calculate first moment of strain field (g),, ; = AT e+ aj? and

(&), = A’j” CE+ a’j?r with Egs.(C.3) and (C.4) ;

14 Calculate (0),, ; and (o), . ; by using Eq.(64);

15 Calculate effective internal variable &, ; and (@),, ; with Eqs.(57) and (71);
16 Calculate second moment of strain field K :: (¢ ® &), ; and (@ : @),, ; with

Eqs.(C.6)_and (72);

17 Calculate & j and (B); with Eqs.(74) and (A.1)

18 Calculate 6; and n j with Eqgs.(56) and (59);

19 if % < eand % < €, then

20 ‘ Return;

21 else

22 L j=j+1
23 | Opi1 = {0 ps1) = fm <0-n+1>m + ervzl fi’r <0-n+l>i,r;

6.2. Comparisons with direct FEM simulations

The purpose of this section is to verify the accuracy of the BIV model by comparing its pre-
diction with the reference solutions obtained by direct finite element method (FEM) simulations on
the unit cell for two kinds of materials. The first one is a composite material with a non-associated
Drucker-Prager plastic matrix and elastic inclusions (Figure 3(b)), while the second one is a porous
material with non-associated Drucker-Prager plastic matrix and pores. In this section and section 7,
the effective properties of the LCC as well as the field fluctuations are evaluated by using the Hashin-

Shtrikman bounds, i.e., the HS lower bound for the inclusion-reinforced material and the upper bound
19
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for the porous material, more details are given in Appendix C. The microstructure of studied mate-
rials is represented by a periodic assembly of 3D unit cells with spherical inclusion or pore. Taking
advantage of axial symmetry, the actual hexagonal unit cell is simplified in to a cylinder one and
only half an axial symmetry plain is considered in the finite element calculations, as illustrated in
Figure 3. FEM computations are performed using ABAQUS 6.14 using quadratic CAX6 elements
for inclusion phase and CAXS8 elements for matrix phase. Since the focus here is on the modelling of
non-associated plastic matrix, we assume the interfaces between the inclusions and matrix are perfect
for the inclusion-reinforced material, implying the interface effects are not taken into account here.
Note that FEM predictions are labeled “FEM” in the figures. The first- and second-order moments
of the local fields are computed from direct volume averaging of the local fields in the unit cell (Yan

et al., 2007).

£
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— > 4—’:
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A<_ A 4 > = A4— A 4 >
_— 0 T r
(a) Approximation of 3D hexagonal periodic array material (b) Inclusion-reinforced (c) porous material
material

Figure 3: Approximation of 3D hexagonal periodic array with spherical inclusion/pore by axi-symmetric cylinder unit

cell

For the inclusion-reinforced material, the input parameters for each constituent phase are listed
in Tables 1 and 2. Uniaxial and triaxial compression tests are investigated. The unit cell is first
subjected to a confining stress (or hydrostatic stress) and then to a differential stress by increasing
the axial strain in the z direction. During the differential stress stage, the lateral displacement U,

is kept uniform along the boundary to satisfy the uniform strain boundary condition. The boundary

20



azs  conditions are illustrated in Figure 3(b) and summarized as follows

Us(rH)=U;, 0<r<L
UZ(L,Z):UQ, O<z< H

(75)
U;(r,00)=0, O<r<L

U,(0,2)=0, O0<z<H

Table 1: Parameters of solid matrix for composite

E™ (MPa) V" « cMPa) x,,

3000 03 0227 30 0.083

Table 2: Parameters of elastic inclusion

Ei (MPa) v

98000 0.15

a7 The parameters for the matrix phase in the porous material are the same as those for the inclusion-
a5 reinforce composite and listed in Table 1. The boundary conditions on the unit cell are given below

a7s and illustrated in Figure 3(c).

U3(I",H):Ug, O<r<VL
Uy(L,z2)=U,, 0<z<H

(76)
Us;(r,0)=0, R<r<L

U,(0,2)=0, R<z<H

21
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BIV
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(a) Inclusion-reinforced material (b) Porous material

Figure 4: Macroscopic stress-strain curves for two kinds of heterogeneous materials with non-associated Drucker-Prager

perfectly plastic matrix and inclusions/pores ( f' = 15%) in triaxial compression tests with different confining stresses

377 In Figure 4, one shows the macroscopic stress-strain curves for both the inclusion-reinforced
a7s  composite and porous material under uniaxial and triaxial compression tests with different confining
are  stresses, respectively obtained by the proposed BIV model and the direct finite element simulations.
a0 One can observe that the model’s predictions coincide very well with the FEM solutions for the all
ss1 cases considered.

a2 An example of uniaxial compression test with an unloading-reloading cycle is also studied for the
ses  inclusion-reinforced composite with f* = 15%. The obtained results are presented in Figure 5. One

s« can see the BIV model well reproduces the results given by the FEM simulations.

[°3

351 Oeq (MPa)

Figure 5: Macroscopic stress-strain curves in uniaxial compression test with an unloading-reloading cycle for the

inclusion-reinforced composite with a volume fraction of inclusion of £/ = 15%
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7. Extension to rocks with isotropic plastic hardening

As mentioned that ductile and porous rocks usually exhibit plastic hardening. In the case of
materials considered here, the plastic hardening occurs in the matrix phase. In the context of a
Drucker-Prager plastic criterion, the plastic hardening may leads to an increase of the internal fric-
tion coefficient and hydrostatic tensile strength (related to internal cohesion). However, due to the
strong dissymmetry of strength between compression and tension in most rocks, the tensile strength
is generally small and not affected by the plastic deformation process. The plastic hardening gener-
ally enhances the shear strength through the evolution of the internal frictional coefficient. Therefore,
with the assumption of an isotropic plastic hardening, the internal frictional coefficient of the matrix

k is here assumed to increase during plastic process according to the following law:
K(y") = Kin = (K — ko) € 7" (77)

where ky and «,, denote the initial threshold and the asymptotic value of the frictional coefficient
respectively, while b is a parameter controlling the plastic hardening rate.

On the other hand, the plastic dilatancy coeflicient y can also evolve with the plastic deforma-
tion history, translating the transition from plastic compressibility to dilatancy. Therefore, we here

consider that y is also a function of y” through the following relation

X(Y") = x,(1 =) (78)

where y,, 1s the asymptotic value of the plastic dilatancy coefficient, and b, is a parameter controlling
its evolution.

In order to fully account for this kind of plastic hardening law in the proposed BIV model, the
thermodynamics formulation presented above should be modified by considering the evolution of
elastic domain during plastic deformation process. However, due to the fact that the plastic hardening
is described by the evolution of the friction coefficient, the evolution measurement of elastic domain
cannot be represented by a constant force variable but by a function of mean stress. This render the
mathematical treatment of the BIV model very complicated. In order to avoid this complex mathe-
matical difficulty and provide a pragmatical model being easy to be implemented, we shall propose a
heuristic extension of the BIV model formulated above for materials without plastic hardening. Ac-
cording to the theoretical formulation presented in Sections 3 and 4, when the values «, ¢ and y are
constant, the average secant viscosity function of solid matrix 7 is given in Eq.(59). We here assume

that this result remains applicable for the solid matrix where the values of « and y are step by step
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updated at each loading increment. Therefore, we propose an explicit incremental hardening scheme.
The average secant viscosity function and the plastic dilatancy coeflicient y at the loading increment
n + 1 is approximated as follows (for the sake of simplicity, the increment number n + 1 is omitted in

the following equations):

— _K(<)/Z>m) (<0-m>m - C)

(79)

a

X (V) = xn(1 = e2000) (80)

In these relations, (y")  is the average value of equivalent plastic shear strain in the solid matrix
P calculated by Eq.(A.2) at the end of the loading increment n and its value if frozen during the
current increment n + 1. Accordingly, the values of frictional coeflicient « and plastic dilatancy
coefficient y are also frozen to those calculated at the end of the previous increment such as « ({y,,),,)
and y ((y),,)- Therefore, the solid matrix is treated as a perfectly plastic material during the current

loading increment.

7.1. Comparisons with direct FEM simulations

The accuracy of the heuristically extended BIV model for materials with an isotropic hardening
is now checked by comparing the model’s predictions with direct FEM simulations for both local
and macroscopic responses. Two kinds of materials are again studied: inclusion-reinforced com-
posites and porous materials. Conventional triaxial compression tests are considered. The boundary
conditions for the two materials are the same as those presented in Section 6.2. The following in-
put parameters are selected for the isotropic hardening law: o = 1 x 1075, «,, = 0.227, b, = 140,

Xm = 0.083 and b, = 70.

7.1.1. Inclusion-reinforced composites

Two volume fractions of elastic inclusions are considered: ' = 5% and f' = 15%. In Figure 6,
one shows the macroscopic stress-strain curves in the uniaxial compression test, respectively obtained
by the BIV model and FEM simulations. It can be seen that there is a good agreement between these
two results. In Figure 7, we emphasize the volume strain evolution &, as a function of axial strain £33
with different values of the maximum dilatancy coefficient y,, and for f* = 15%. It is noticed that the
proposed BIV model is able to well reproduce the volume compressibility-dilatancy transition which
is an important property of rocks. More precisely, the volumetric dilatancy is enhanced when the

value of y,, increases. The results due to the BIV model well coincident with the FEM simulations.
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Figure 6: Macroscopic stress-strain curves in uniaxial compression test for an inclusion-reinforced composite with two

volume fractions of inclusions (' = 5% and f' = 15%)

051

Compressibility Zone Xm =0
)
3 4 5
0 T 1
. xial strain &3 (%)
§
$ 05
K=
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=
-151
BIV _
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Figure 7: Evolution of macroscopic volumetric strain in uniaxial compression test for different values of plastic dilatancy

coefficient y for an inclusion-reinforced composite with a volume fraction of inclusions of f = 15%

Moreover, the proposed BIV model is also able to capture another important property of geolog-
ical materials, which is the influence of confining stress on the macroscopic behavior. This is clearly
illustrated in Figure 8. The stress-strain curves are presented for the uniaxial compression test and
two triaxial compression tests respectively with a different confining stress of 10MPa and 20MPa.

Again, the BIV predictions are in good agreement with the FEM solutions.
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Figure 8: Macroscopic stress-strain curves in uniaxial and triaxial compression tests with two different confining stresses

two for an inclusion-reinforced composite with ¢® = 15%

In order to further assess the accuracy of the BIV model, the evolution of local stresses during the
loading history is also investigated for the case of uniaxial compression test and of an inclusion vol-
ume fraction of f* = 15%. For instance, the evolutions of average stress respectively in the inclusion
and matrix phases are presented in Figure 9(a). In Figure 9(b), one presents the evolutions of the dif-
ferent denominators o7, and o, respectively related to the first-order and second-order moments of the
local stress field over the plastic matrix. Lastly, in Figure 9(c), the evolution of the stress fluctuation
\/]ﬂ in the matrix is presented. It is observed that the BIV model provides an accurate prediction
for the evolution of average stress within the matrix, while a less accurate prediction regarding the
average stress in the inclusion phase (Figure 9(a)). The BIV results are also in good agreement with
the FEM solutions for the stress moments Ty and & (Figure 9(b)). Lastly, although the BIV model
overestimates the stress fluctuation within the matrix, it is still able to reproduce the good evolution

trend of FEM solutions (Figure 9(c)).
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Figure 9: Local stress responses in uniaxial compression test for an inclusion-reinforced composite with f/ = 15%

On the other hand, the evolution of the local plastic strain is also studied. In Figure 10(a), one can
find a quite good agreement between the BIV result and FEM solution for the first-order moment of
local plastic strain field over the matrix c‘y;”q. However, it seems that the BIV model underestimates the
second-order moment of plastic strain in the matrix @. The fluctuation of plastic strain field is shown
in Figure 10(b). The BIV model is able to capture the trend of the FEM solution although there exist

some scatters between them.
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Figure 10: Local plastic strain responses in uniaxial compression test of an inclusion-reinforced composite with f* = 15%

7.1.2. Porous material

The macroscopic stress-strain curves in uniaxial compression test with two values of porosity fi =
15% and 5% are presented in Figure 11. There is a good agreement between the BIV predictions and
FEM results. Furthermore, the stress-strain curves in triaxial compression tests with three different
confining stresses are presented in Figure 12 for a porosity of f* = 15%. Once more, the BIV model

correctly captures the effect of confining stress and well reproduces the FEM solutions.

Figure 11: Macroscopic stress-strain curves in uniaxial compression test for a porous material with two different values

of porosity (f' = 5% and f' = 15%)
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Figure 12: Macroscopic stress-strain curves in triaxial compression tests with three different confining stresses for a

porous material with a porosity of f/ = 15%

As for the inclusion-reinforced composite, the local stress and strain responses of porous material
are also investigated for the case of uniaxial compression test and with a porosity of ' = 15%. In
Figure 13(a), the evolutions of the first and second-order moments of local stress field over the matrix,
0, and T, are depicted. The evolution of the stress fluctuations is given in Figure 13(b). One can
find a similar trend as that already obtained in Figure 9 for the inclusion-reinforced composite. The
evolutions of the moments and fluctuations of local plastic strain field over the matrix are shown in
Figure 14. As shown in Figure 14(a), although the BIV model qualitatively reproduces the trend of
the FEM solutions, it slightly underestimates the denominators @y, and a. Compared with Figures
14(b) and 10(b), the fluctuations of the plastic strain field are now better captured by the BIV model

for the porous material than for the inclusion-reinforced composite.
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Figure 13: Local stress responses in uniaxial compression test for a porous material with a porosity f = 15%
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7.2. Application examples

In this section, two application examples are presented to show the ability of the extended bi-
potential based incremental variational model to reproduce experimental responses of two typical

rocks: the Callovo-Oxfordian claystone and Vosges sandstone.

7.2.1. Application to Callovo-Oxfordian claystone

The Callovo-Oxfordian claystone has been extensively investigated in France as a potential geo-
logical barrier for the underground disposal of nuclear waste (Armand et al., 2016). It is a sedimentary
rock with complex multi-scale structures (Robinet, 2008). At the micrometer scale, this clayey rock
is composed of a quasi-continuous clay matrix in which mineral grains, mainly quartz and calcite
grains, are embedded. The clay matrix can exhibit important plastic deformation (Guéry et al., 2008,
2010). For the sake of simplicity, the behavior of clay matrix is here described by an isotropic elastic-
plastic model. The linear Drucker-Prager criterion is adopted together with an isotropic hardening
law and a non-associated plastic flow rule. On the other hand, for the range of stresses considered in
the application, the mechanical behavior of the quartz and calcite grains can be reasonably described
by a linear elastic model. Furthermore, as the elastic properties of calcite and quartz are quite similar,
for the sake of simplicity, they are seen a single phase of elastic inclusions.

The preliminary challenge of the application of the micro-mechanical model is the identification
of local parameters for each constituent phase. To this end, the local mechanical behavior should
be determined. This direct identification method is so far not possible because relevant data on me-

chanical responses at the microscopic scale are not fully available. Here an indirect identification
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procedure is employed here. The elastic coefficients of the effective elastic inclusion phase are taken
as the volumetric average values of the quartz and calcite grains (Jiang et al., 2009). Note that the
elastic coefficients of quartz and calcite grains elastic properties of calcite and quartz grains are well
known and can be obtained from existing data(Lide, 2004). It is easily to obtain the Young’s mod-
ulus and Poisson’s ratio of the effective elastic inclusion are equal to E' = 98GPa and v/ = 0.15.
However, the elastic coefficients of the clay matrix are not available from direct experimental mea-
surement. They are calibrated here by an inverse homogenization procedure (Guéry et al., 2008), from
the macroscopic elastic coefficients obtained in triaxial compression tests on the samples with known
mineralogical compositions (Chiarelli, 2000). We calculate the typical values of Young’s modulus
E™ = 3GPa and Poisson’s ratio v" = 0.3. On the other hand, the values of plastic parameters of
clay matrix are fitted by a numerical optimization of macroscopic stress-strain curves obtained by
convention laboratory tests (conventional triaxial compression tests, proportional compression tests,
lateral extension test, etc.) for a chosen mineralogical composition similar to that proposed in (Guéry
et al., 2008, Shen et al., 2012). The obtained values are then fixed and applied to samples with dif-
ferent mineralogical compositions. The obtained plastic parameters values are given as: kg = 107>,
knm = 0.283, b; = 250, x,, = 0.05, b, = 50, ¢ = 20MPa.

The mechanical responses of the claystone are now studied using the proposed BIV model in
triaxial compression tests, proportional compression tests and lateral extension tests. It is noteworthy
that these tests were performed on samples coming from different geological depths ranging from
415.4m to 482.4m, with different mineral compositions. However, a sole set of parameters is used for
the modeling of different tests on different samples.

In Figure 15, the stress-strain curves of claystone in triaxial compression tests are presented. One
observes a good agreement between model’s predictions and experimental data. The BIV model is
able to well reproduce the main features of the claystone mechanical behavior in this loading path,
such as the volume compressibility-dilatancy and confining stress sensitivity. The impact of miner-
alogical compositions is also correctly taken into account. Further, in Figure 15(a), the numerical
results respectively provided by the associated and non-associated plastic model are compared. It is

clear that the non-associated model gives a better prediction than the associated one.
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Figure 15: Comparison of stress-strain curves between experimental data and numerical results in triaxial compression

tests on Callovo-Oxfordian claystone samples with different mineralogical compositions

For providing a complementary validation of the BIV model, proportional compression and lateral

extension tests are also studied. In a proportional compression test, the axial stress 33 and confining

stress 071, are simultaneously increased with a constant ratio k = ﬁ In a lateral extension test, the

ST

sample is first subjected to a hydrostatic stress state to a desired value, and then the lateral stress
011 1s progressively decreased while the axial stress 733 1s kept constant. The comparisons between
numerical predictions and experimental data for these two kinds of tests are shown in Figure 16 and
17, respectively. Again, one gets a good general agreement and the BIV model correctly reproduces

the main characteristics of mechanical responses of the claystone in these two loading paths.
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Figure 16: Comparisons of mechanical responses between experimental data and numerical results in proportional com-

pression tests on Callovo-Oxfordian claystone with different mineralogical compositions
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Figure 17: Comparisons of mechanical responses between experimental data and numerical results in lateral extension

tests with an initial confining stress of 60MPa on Callovo-Oxfordian claystone with different mineralogical compositions

7.2.2. Application to Vosges sandstone

The Vosges sandstone is here studied as a typical porous rock. Its microstructure and macro-
scopic behaviors have been investigated in a number of previous studies, for instance (Khazraei, 1996,
Bésuelle et al., 2000). The average porosity is about 20% and the solid matrix is composed of nearly
93% quartz grains with a few percent of feldspar and white mica. As a first approximation, the sand-
stone can be considered as an isotropic material. The mechanical strength of the sandstone strongly
depends on confining pressure. In this study, the solid matrix is described by a non-associated plastic
model based on the Drucker-Prager criterion. The elastic and plastic parameters of solid matrix are
not directly measured but also indirectly estimated. The elastic coeflicients can be easily identified by
an inverse homogenization procedure from measured macroscopic values and the known porosity of
sample. The plastic parameters are again fitted from a numerical optimization procedure of macro-

scopic stress-strain curves for a given porosity. The obtained values of parameters are given in Table
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Table 3: Parameters of solid matrix for porous Vosges sandstone

E™(GPa) v" ko Kknm ¢cMPa) b, x, by

40 025 10 0433 40 900 0.333 500

In Figure 18, we first present the stress-strain curves in conventional triaxial compression tests
with four different confining stresses from 5MPa to 40MPa. Like the claystone, there is a good
agreement between model’s predictions and experimental data. The effect of confining stress on
macroscopic response is well captured. However, the mechanical strength of sandstone is slightly
overestimated by the model for the test with a low confining stress of SMPa. This is due to the fact
that the linear Drucker-Prager criterion used for the solid matrix is not well adopted in the zone of
low mean stress and tensile stress. The use of a curved yield surface for the solid matrix, for example
the Mises-Schleicher criterion, would improve numerical results. In Figure 18(b), one can see that the
non-associated model provides a better prediction of lateral strain that the associated model. However,
unlike the result of claystone shown in Figure 15(a), the non-associated flow rule coeflicient has no

influence on the peak strength of porous sandstone.
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Figure 18: Comparisons of mechanical responses between experimental data and numerical results in triaxial compression

tests on Vosges sandstone

The mechanical responses of Vosges sandstone in proportional compression and lateral extension
tests are presented in Figures 19 and 20 respectively. Once more, it is found that the proposed BIV
model well reproduce experimental data for these loading paths. In particular, as shown in Figure 19,
the transition from volumetric compressibility to dilatancy is well reproduced by the BIV model due

to the non-associated plastic flow rule used for the solid matrix.
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Figure 19: Comparison of stress-strain curves between experimental data and numerical results for proportional compres-

sion tests on Vosges sandstone
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Figure 20: Comparison of mechanical response between experimental data and numerical results for lateral extension test

on Vosges sandstone with an initial confining pressure of 60MPa and axial stress of 90MPa

s« 8. Concluding remarks

565 In this paper, we have developed a new incremental variational framework for the estimation of
ses  effective elastic-plastic properties of a class of heterogeneous rocks by using the bi-potential theory.
ss7 These materials are considered as implicit standard materials (ISMs). In particular, a bi-potential
ses  based incremental variational model (BIV) has been formulated for those rocks with a non-associated
seo  plastic matrix described by a Drucker-Prager type yield function and an isotropic hardening law.

570 The BIV model has first been formulated by considering an elastic perfectly plastic matrix phase.
s71 - With the help of the bi-potential theory, we have determined the local incremental elastic and plastic

sz bi-potentials of the matrix. We have also introduced an appropriate optimization method for the
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estimation of the effective incremental bi-potential and macroscopic stress. The accuracy of BIV
model has been demonstrated through the comparisons with direct finite element simulations for both
inclusion-reinforced composites and porous materials.

A heuristic extension of the BIV model has then been proposed in view of estimating effective
behaviors of heterogeneous rocks exhibiting an isotropic plastic hardening. This has been done by
assuming that the general incremental variational formulation obtained the perfectly plastic matrix re-
mains applicable at each loading increment if the plastic hardening variables and functions are frozen.
The plastic hardening has been taken into account by updating the values of the frozen hardening func-
tions at each loading increment. The efficiency of the heuristically extended BIV model has also been
confirmed by the comparisons with direct finite element simulations for both inclusion-reinforced
composites and porous materials. It has been found that the BIV model was able to provide a good
estimation of the fluctuations of local stress and plastic strain fields. However, the average stress
in the inclusion phase was underestimated for the inclusion-reinforced composites while the stress
fluctuation in the matrix phase is overestimated for both materials. Therefore, some improvement
remains needed, for example, by using a second-order comparison composite for the estimation of
incremental bi-potential of the plastic matrix.

Finally, the BIV model has been applied to studying the mechanical behavior of two typical ge-
ological materials, the Callovo-Oxifordian claystone and Vosges sandstone, under different loading
paths. In a general way, the numerical results are in good agreement with experimental data. The
main features of mechanical behaviors of two materials are correctly reproduced by the BIV model,
such as influence of confining stress and volume compressibility-dilatancy transition.

In this work, we have focused on the short-term mechanical behavior of dry materials. In future,
the BIV model is expected to be extended to the time-dependent behavior and to saturated and un-
saturated materials. Moreover, it is acknowledged that the interfaces between the inclusions and the
matrix play a non-negligible role in rocks plastic deformation and damage. The effects of interface

will be also taken into account in our future work.
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Appendix A. Approximation of the local elastic bi-potential (24)

Inspired by Boudet et al. (2016), we assume that the volumetric plastic strain field 8 and the inter-
nal variable field y” are constant values in the solid matrix, denoted by (B),, and (y”),, , respectively.
For the local stress state situated on the regular part of Drucker-Prager yield surface, the evolution of

(B),, and {y?), can be expressed as follows by taking into account Eq. (31):

B = (B + GAYD (A1)

G = (YD), + GAL (A2)

where (f,),, and (y,), are the volume average values of fields B and y over the matrix phase at the

step n, and

1
\/ (@ -a,) : (@ —a,)), =¥ % (A.3)

QII

Accordingly, one gets:

1 1 p—
b (e, €°, o) =~ bPP(g,a) = 50 S": o +5 (8 a—{(B,), — - an/\(é) :C" (8 -a—{B,), —a— a,,)(6)

Appendix B. Minimization of J ;)" (&, @)

By making use of the minimization of Jii' (&, @) w.r.t. @, and after taking into account the relation

(44) of J', one gets,

oJr J <,B> '7p9
Y - _K: m . _ _ m . _ — B.1
It is noticed that Eq. (53) in its field form can be rewritten as:
Ol-a,) =(@—-a, YVxeQ, (B.2)
Considering the expression (A.1) and (B.2), one obtains
0 2x0
—g”m - X se(a-a) (B3)
@ 3At@
then
OBy eyt ~
" (e—a—{(B),): <ﬂ =2 A”t (@—@&,) (B.4)
with
=3xon 1 ..,
Nep = ——=» O'ngC (e—a—-(P),):0 (B.5)
3
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6

s For ease of calculation, we assume that 7, takes its average value in the matrix phase, i.e.:

_3 m/m
= X Tnkn (B.6)
3@
620 Substituting Eqgs. (B.2) and (B.4) into (B.1), ont gets:
0y _ K:C":(c—a—-(B))+21 @-a,)=0 (B.7)
da ' ' " At " '
e21 With < >
Ty) ~ T k(T = )
n:np+nih+ncp = — = - — (B8)
3a a
22 Or equivalently, the local deviatoric stress of matrix phase becomes:
szK:C’":(s—a—w)):21((1—&,1):219@—&”) (B.9)
" At At
e2a Finally, from (B.7), one gets
20m_\" 26
a:(C’”+—nK) :[K:(C’": 8+—n(~¥n (B.10)
At At
e« Appendix C. Effective behavior and field statistics of RVE
625 The effective potential I, (£) is written as
- o~
Ho(s):is:(C:s+p:8+{ (C.1
where
N
C=f"Cy: A"+ ) f/C : A (C.2a)
r=1
p=f"py A" (C.2b)
="+ ) (€20)

e2s The average of the local strain filed in the matrix can be related to the macroscopic strain by two strain

ez concentration tensors A, a™, i.e., (Willis, 1981)
&), =A":&+a" (C.3)
e2s and similarly, the average of local strain filed in the 7 inclusion phase can also be described by:

(&), = A" : E+a"" (C.4)
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Note that the fourth-order tensors A™ and A can be identified to those computed for the composites
in the purely elastic case. However, the expressions of second-order tensors a” and a™ should be
calculated by the volume averaging in each phase.

The second-order moment of strain filed € in the matrix phase can be obtained from the effective

free energy Il (&) and by using the relations (Castafieda, 2002, Lahellec and Suquet, 2007b):

291
(606 = e (C.5)

Note that C' can be expressed by two effective moduli as Cf' = 3k™ J+2uf K. Then the deviatoric

part of this second order moment gives (Huang et al., 2015, Lahellec and Suquet, 2007a)

1 oIl
K:(e®¢), = f_mﬂ"? (C.6)
0

In order to take advantage of the explicit expression of the tensors A™ , A, a™ and a', a two-phase
material, one phase of elastic inclusion (r = N = 1) and another phase of elastic-plastic matrix, is con-
sidered for validation and application. In this case, the fourth order concentration tensors associated

to the Hashin-Shtrikman (HS) estimates are adopted (Hashin, 1962)

1 e _
AT = T (cp-cv) " (- @) (C.7a)
A = H+% (cr-cp) " (C- @) (C.7b)
N |
a" = (Cp-C") :(@-A)":pf (C.7¢)
a = —(Cr-cp) i @-a) o (C.7d)

where (C) = f"Cy + [+ C™.
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